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Preface

The subject of supermanifolds has to some extent ‘just growed’ like Topsy,
as the idea of adjoining anticommuting variables to conventional commuting
variables proved useful in a variety of contexts. This has led to a bewilder-
ing variety of approaches which has often obscured the underlying unity of
the ideas. Supermanifolds have been with me through much of this period
of growth, and now in writing this book I intend not a formal mathematical
treatise, but rather a working man or woman’s guide to the geometry and
analysis of supermanifolds, together with applications of the theory. Su-
permanifolds continue to find new uses, the underlying ideas have proved
robust, powerful and adaptable. My aim is to provide a unified picture,
distilling the key ideas from a welter of sources. I have tried to give ref-
erences to relevant original work, and can only apologise for any failures,
which will have been unintentional.

I am very grateful for many conversations about supermanifolds that
I have enjoyed and benefited from over the years — these have been with
almost everyone whose work is referred to in this book, a sad exception be-
ing Berezin. I would particularly like to thank Bryce DeWitt and Marjorie
Batchelor, both of whom have patiently explained many things to me. I
am also grateful to my colleagues in the mathematics department of King’s
College London for a stimulating and agreeable working environment.

F. A. Rogers
King’s College London
2006
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Chapter 1

Introduction

This book contains an account of the notions involved in constructing a
theory of supermanifolds and the associated machinery and techniques of
differential geometry, together with applications to various areas of physics,
including supersymmetry and the quantization of systems with symmetry,
and to classical geometry.

The concept of supermanifold involves an extension of a classical man-
ifold to include some notion of anticommuting coordinate; indeed more
generally the prefix ‘super’ is used with many mathematical objects to
denote an extension from commutativity to graded commutativity, or to
a controlled mixture of both commutativity and anticommutativity. The
study of supermanifolds involves mathematical ideas from geometry, analy-
sis, algebra and topology. While much of the original motivation came from
particle physics, the concepts and language of supermanifolds have proved
powerful in many parts of theoretical physics and pure mathematics, and
the range of influence continues to broaden.

Historically anticommuting variables, and some of the constructions now
distinguished by the prefix ‘super’, appeared in mathematics many years
before the development of supersymmetry in physics triggered an explosion
of interest in super mathematics. Of course anticommuting objects appear
in many areas of geometry and algebra, examples include differential forms,
the use of the exterior algebra over a Lie algebra in Lie algebra cohomology
and the Weil model of equivariant cohomology. But perhaps the earliest
step in ‘super’ mathematics was Cartan’s recognition that a Clifford alge-
bra could be represented on a Grassmann algebra if one included a notion
of differentiation with respect to a generator as well as multiplication [29],
an idea that was to reappear decades later in connection with fermion an-
ticommutation relations. In his seminal work on quantum fields Schwinger
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[139] introduced anticommuting variables in order to extend to fermions
his treatment of quantum fields using Green’s functions and sources. Dif-
ferential calculus for functions of anticommuting variables was introduced
by Martin [102] who extended Feynman’s path-integral method of quanti-
zation to systems containing fermions and thus needed a ‘classical’ fermion
to quantize. Anticommuting variables were used by a number of other
authors to develop fermionic quantization in close analogy to methods for
bosonic quantization using conventional, commuting variables; an extensive
and pioneering study was made by Berezin [16].

A supersymmetric theory enjoys invariance under a symmetry which ex-
changes bosonic and fermionic degrees of freedom; as a result, an approach
which treats fermions and bosons on an equal footing (as is the case when
commuting and anticommuting variables are used) is likely to be particu-
larly useful, and it has indeed been the case that super mathematical ideas
have proved effective in the study of supersymmetry. Where geometrical
ideas are involved in a supersymmetric model the anticommuting exten-
sion must respect and possibly develop this geometry, and thus what have
become known as supermanifolds are required, together with much of the
machinery of differential geometry. As interest in supersymmetric models
took off in the physics community following the appearance of the pioneer-
ing models in the early 1970’s [152, 158], there was a correspondingly rapid
development of super geometry and other areas of super mathematics. The
importance of anticommuting variables in supersymmetry can also be seen
quite independently of any specific treatment of fermions, by considering
the nature of the group of symmetries involved; at the infinitesimal level
these form a super Lie algebra, that is, an algebra whose generators can
be classified as either odd or even, and which closes under commutation of
even generators and anticommutation of odd generators; the natural way to
regard a group made from such generators is to associate commuting and
anticommuting parameters respectively with the even and odd generators,
leading to the concept of super Lie group. Although it is possible to han-
dle supersymmetry without using anticommuting variables, their use often
suggests by analogy some new approach to be tried, and has been a fruitful
source of both conceptual and technical ideas.

At its simplest super mathematics extends classical ideas to a Z5 graded
setting, introducing a notion of even and odd, together with a rule that an
extra sign factor appears whenever two odd elements are interchanged.
Some of the development proceeds by a straightforward analogy with the
classical, purely commuting case, with little more required than the inser-
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tion of the correct sign factors; however one aim of this book is to make it
clear that the interesting and powerful parts of super mathematics are those
where a straightforward analogy with classical mathematics is not possible,
or does not give a full picture. There are various characteristic features of
super mathematics which particularly stand out, which will occur repeat-
edly in the course of the book. These include the notion of super derivative
(which provides a square root of a conventional derivative and also allows
a representation of canonical anticommutation relations and Clifford alge-
bras) and the Berezin integral which preserves certain characteristics of
classical integration, but also has unexpected but valuable features. There
is also the concept of supertrace, which leads to cancellations between odd
and even sectors. These features, which are interrelated, are the key ingre-
dients of many application of super mathematics both in geometry and in
theoretical physics.

In super geometry there are two rather different, but essentially equiv-
alent, approaches to supermanifold. In the first, which will be referred to
as the concrete approach, a supermanifold is a set, more specifically it is
a manifold modelled on some flat ‘superspace’ so that it has local coordi-
nates some of which take values in the even and some in the odd part of
a Grassmann algebra. In the second approach to supermanifolds, which
will be referred to as the algebro-geometric approach, it is the sheaf of
functions on a manifold which is extended, rather than the manifold itself.
Here super geometry is distinguished from more general non-commutative
geometry in which only an algebro-geometric approach seems to exist, with
the non-commutativity expressed in terms of rings of ‘functions’.

In this book both approaches to supermanifold are described. Large
swathes of the subject are independent of the approach, but the emphasis
in this book is on the concrete approach, because of the nature of the ap-
plications considered. Each approach has its protagonists, but in general a
multicultural point of view, using the language of whichever of the two ap-
proaches best suits the matter in hand, is possible because there is a precise
correspondence between algebro-geometric supermanifolds and concrete su-
permanifolds, as is explained in Chapter 8. Given this choice of approach,
which does not exist for more general non-commutative geometry, it seems
sensible to exploit all possibilities. The algebro-geometric approach has
greater mathematical elegance and simplicity, because in its simplest form
there is no need to introduce an auxiliary Grassmann algebra. However cer-
tain useful concepts, such as a point in a supermanifold, or an odd constant,
are more complicated to define. To an accomplished algebraic geometer this
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will not not be a problem, but to many who might use supermanifolds this
adds an unnecessary complication when a more direct approach is possible.
Moreover, in may physical applications it is in fact necessary to introduce
an auxiliary Grassmann algebra (or extra odd dimensions) when using the
algebro-geometric approach, and so the purity of the approach is diluted.
The concrete approach, in which a supermanifold is a set, and a super
Lie group is a group, has a psychological advantage in some contexts in
suggesting analogies with steps taken in classical differential geometry. It
also allows rather simpler terminology, for instance when using functions
between supermanifolds, and so makes it easier to give a direct description
of various applications and techniques. But it must be emphasised that
this is a question of choice of language, not an intrinsic difference. As an
example, consider the (1, 1)-dimensional super group of super translations.
Anticipating some notation and terminology, this is readily described in the
concrete approach as the set Rls’l with group action

(z;8) o (ysm) = (x+y+Em§+m),

while in the algebro-geometric approach the same object is captured in a
less direct way. The main objection to the concrete approach is that it
carries the extra baggage of a Grassmann algebra whose individual ele-
ments do not individually signify as much as they might appear to; the
myriad coefficients, real or complex, of the Grassmann algebra expanded
with respect to some basis, do not carry useful information. While this
is true, broadly speaking the notion of concrete supermanifold is indepen-
dent of the choice of Grassmann algebra since a particular topology (due
to DeWitt [43]), which does not distinguish between the various nilpotent
elements of the Grassmann algebra, is used. One distils out the mean-
inglessness of the Grassmann detail by showing (following Batchelor [12])
that there is a natural sequence of supermanifolds modelled on Grassmann
algebras with increasing numbers of generators, and taking the inductive
limit.

As remarked above, there are certain areas of supermanifold theory
where an auxiliary Grassmann algebra (or equivalent) is required in both
approaches. While in the smooth setting a theorem due to Batchelor [11]
shows that the data of a supermanifold is simply that of a vector bundle
over a classical manifold, in the complex setting one immediately encounters
supermanifolds whose data includes anticommuting parameters or moduli.
To handle such supermanifolds in the algebro-geometric approach requires
either the introduction of an auxiliary Grassmann algebra or the considera-
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tion of families rather than individual supermanifolds, in which case auxil-
iary coordinates (even, odd or both) are required. In physical applications,
and also in applications to classical geometry, the principal mechanism for
extracting a real or complex number from the nilpotent superfluity is the
Berezin integral. This a formal algebraic integral, not the limit of a sum
depending on the details of any Grassmann algebra element. It is closely
related to the notion of supertrace, as is explained in Section 11.1.

The use of supergeometric language, concepts and constructions is in a
sense optional; the effect of adding odd dimensions and so on can always,
or at least almost always, be produced by an alterative mathematical con-
struction, and one does not really expect that anticommuting variables will
model reality in the same way that real variables seem to. A strong argu-
ment for taking the ‘super’ point of view is that it suggests new approaches
by analogy with procedures in classical mathematics. In a number of im-
portant situations super methods have proved very powerful. These include
applications to classical geometry, supersymmetry and and the treatment of
systems with gauge symmetry using ghosts and BRST cohomology. In this
context it is interesting to quote Voronov’s comment [153] in connection
with the Faddeev-Popov quantization of gauge fields [49] that ‘although he
obtained similar results, DeWitt was unable to present them in a conve-
nient form because he was unaware of the concept of the Berezin integral;
see the author’s forward to the Russian translation [42]" of [41].

Although a number of books and articles on supermanifolds have ap-
peared, most are devoted to one particular approach, with the majority
taking the algebro-geometric approach. In this book, while mostly using
the language of the concrete approach, the aim is to take stock of a wide
range of ideas and applications in supermanifold theory, hopefully throw-
ing light on a concept that over the years has proved robust and adaptable
to a number of purposes and abstracting the essential ideas from the var-
ious slightly different approaches. In general the style adopted has not
assumed great mathematical sophistication on the part of the reader; this
may irritate the accomplished mathematician, but is intended to increase
the accessibility of the material for those who might use it in a variety of
contexts. Although this book aims to provide a reasonably comprehensive
survey of supermanifolds and their uses, examples considered are selected
for their interest or their usefulness and there is no attempt to provide a
complete taxonomy.

While detailed references will of course be given as the book proceeds,
it seems appropriate to mention in the introduction some of the major
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landmarks in the history of the subject, as well as the principal books.
Supermanifolds were introduced into the mathematical literature by Bere-
zin and Leites [19] and by Kostant [95], who used the term graded man-
ifold. Both these authors used the algebro-geometric approach. Inspired
by physics, DeWitt developed the theory of supermanifolds in the concrete
approach, introducing the crucial topology which underpins the relation be-
tween the algebro-geometric and concrete approach [43]; Rogers developed
the concrete approach from a slightly different point of view, imitating as
closely as possible the construction of a classical manifold [118]. Berezin’s
extensive work on super mathematics was collected together after his un-
timely death in 1980 [17]. An early review article is that of Leites [99].
More recent books on supermanifolds include that of Bartocci, Bruzzo and
Herndndez Ruipérez [8] and that of Tuynman [149]. Supermanifolds in the
algebro-geometric approach are a central topic in the book of Manin [100].
A treatment of supermanifolds may be found in a section by Deligne and
Morgan (following Bernstein) in ‘Quantum fields and strings: a course for
mathematicians’ [39]. Two key papers by Batchelor [11, 12] provide the key
structure theorem for smooth supermanifolds and establish the relationship
between the concrete and the algebro-geometric approach.

Many of the basic features of supermanifold theory are well understood,
although there are areas, such as a systematic treatment of subsuperman-
ifolds, which remain incomplete. The structures developed have proved
useful in may contexts; one result of supermanifold theory is simply to
confirm that a heuristic approach, using super ideas developed by simple
analogy with classical ones, is generally valid and often, when combined
with the features of super geometry which have no classical analogue, very
powerful. In many cases it is not the fully general theory of supermanifolds
which has proved of interest, rather it has been supermanifolds restricted by
some particular condition, for instance the super covariant condition used
to define a super Riemann surface or the dimensional restriction necessary
for an odd symplectic supermanifold, which have proved fruitful. It seems
likely that further developments of supermanifold theory will involve new
structures of this nature.



Chapter 2

Super algebras

The study of superspace and supermanifolds involves from the outset re-
placing ordinary real or complex variables with elements of some algebra
whose elements commute or anticommute among themselves. To make this
idea of mixed commutative and anticommutative properties more precise
it is useful to introduce the concept of a super commutative algebra, which
is an algebra which splits into two parts, called even and odd, with odd
elements anticommuting with one another and even elements commuting
with all elements. In the concrete approach supermanifolds are locally
modelled on a superspace which is built from the even and odd parts of
a super commutative algebra, while in both approaches to supermanifolds
the function sheaves on which so much else depends are sheaves of super
commutative algebras. (In the mathematical literature the term Zy-graded
may sometimes be used instead of super.)

This chapter introduces the concept of super algebra. Various further
algebraic constructions, such as homomorphisms, derivations and modules
of super algebras are described. The concept of super Lie algebra is defined,
and the appropriate generalisation of linear algebra, including the theory
of super matrices, is developed.

In general the convention will be used that there is an implied summa-
tion over repeated indices. Since there are many different kinds of indices,
with varying ranges, explicit sums will be used when needed for clarity.

2.1 The definition of a super algebra

The starting point in the theory of super algebras is the concept of super
vector space, which is a vector space which splits as a direct sum as in the
following definition.
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Definition 2.1.1 A super vector space V is a vector space together with
a choice of two subspaces Vo and Vi of V such that

V=Vy&V;. (21)

Elements of the subspace V are said to be even and elements of V; are
said to be odd. Also, an element V which belongs to V; where i = 0 or 1 is
said to be homogeneous and |V, the Zy degree of V', is defined to be equal
to 4. (Thus even elements have degree 0 and odd elements have degree 1.)

An algebra is a vector space whose elements can be multiplied; a su-
per algebra, defined formally in the following definition, is a super vector
space whose elements can be multiplied, with the degree of the product
determined by the degree of the factors.

Definition 2.1.2  Suppose that A is an algebra over the real numbers
R or the complex numbers C. Then A is said to be a super algebra if it is
also a super vector space (over the same field) and

AoAo C Ao, AoAy C Ay,
A1Ay C Aq, A1A1 C Ag. (22)

The super algebra A is said to be super commutative if, whenever A and
B are homogeneous elements of A,

AB = (-1)|4I1BIBA. (2.3)

(Thus even elements commute with all elements, while odd elements anti-
commute with one another; in particular the square of an odd element is
always zero.) Relations such as (2.3) which depend on degree are extended
to non-homogeneous elements by linearity. The degree |A| of an element A
is an element of Z5, and any addition or multiplication of degrees is carried
out modulo 2. Thus the defining conditions (2.2) of a super algebra can be
summarised as

AiAJ‘ C Ai+j 1,57 =0, 1.

Examples of super commutative algebras include the exterior algebra
A(V') over a finite-dimensional vector space, and the algebra of differential
forms on a manifold (under the exterior product). In both these cases the
Zs degree is simply the Z degree taken modulo two.
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2.2 Homomorphisms and modules of super algebras

In this section various classes of maps between super vector spaces and
super algebras are considered. Also, the notion of a super module over a
super algebra is introduced, together with the appropriate class of mappings
between such spaces. The starting point is the degree assigned to linear
maps between super vector spaces.

Definition 2.2.1  Suppose that V, W are super vector spaces and that f
is a linear mapping of V into W. Then f is said to be a super vector space
homomorphism. If additionally f satisfies

If(V)[=[V] mod2 (2.4)

for all V' in the super vector space V, then f is said to be an even super
vector space homomorphism. Similarly, if f satisfies

lf(V)]=1+1]V] mod2 (2.5)
for every V in V, f is said to be an odd super vector space homomorphism.

If f is a super vector space homomorphism, then the degree of f is denoted
|f| and defined to be 0 if f is even and 1 if f is odd. Thus in general a
super vector space homomorphism f satisfies

W)l =11+ 1V (2.6)

where, as always with Z, degree, the addition is modulo 2. The proof of
the following proposition is left as an exercise.

Proposition 2.2.2  If f is a super vector space homomorphism then there
exists a unique even vector space homomorphism fo and a unique odd vector
space homomorphism f1 such that f = fo + f1.

As usual a homomorphism of a space into itself is called an endomorphism, a
bijective homomorphism whose inverse is also a homomorphism is called an
isomorphism and an isomorphism which is also an endomorphism is called
an automorphism. A particular class of super vector space endomorphisms
of a super algebra is the class of super derivations. Such endomorphisms
are important when considering vector fields on supermanifolds.

Definition 2.2.3  Let A be a super commutative algebra; then a mapping
f A — A is said to be a super derivation if it is a super vector space
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homomorphism and additionally it obeys the super Leibniz condition
F(A1Ay) = f(A1) Ay + (—1)I 1A, £(Ay) (2.7)
for all A1, As € A.

A super derivation is a vector space homomorphism, but not a super algebra
homomorphism. These, as the following definition shows, are mappings
which preserve the product.

Definition 2.2.4 Let A and B be super algebras. Then a mapping
f : A — B of definite parity is said to be a super algebra homomorphism if it
is a super vector space homomorphism and additionally, for all A;, As € A,

F(A1Ag) = (—1)IIAT £ (A1) £(As). (2.8)

A module is a standard concept in algebra. In general a module resembles
a vector space, except that the scalars are now elements of an algebra
rather than of a field. Because the algebra will generally have non-invertible
elements modules do not always have bases or well-defined dimension. In
the super case, there is an extra requirement of compatible degree.

Definition 2.2.5  (a) Suppose that V is a super vector space and that A
is a super commutative algebra. Then V is said to be a left super A-module
if there exists a mapping

AxV oV
(A, V) > AV (2.9)

such that, for all A1,As in Aandall V inV

AV = [Auf + V]

and Al(AQV) = (AlAg)V (210)
(b) Suppose there exist r elements Ci,...,C, of Vi and s elements
Crt1y---,Crys of Vi such that each element V of V can be expressed as
r+s ‘
V=> V' (2.11)
for a unique element (V1,... V" %) of A""$. Then V is said to be a free
super A-module of dimension (r,s), and the set {C1,...,Cr4s} is said to

be a (r,s) super basis.
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With respect to a particular super basis, an element V of V may
be expressed as the (r+ s)-tuple (V1 ..., V"%, If V is even then

(Vi,...,V"$)is an element of the ‘superspace’
AT = Ag x -+ X Ag x Ay x -+ x A7 . (2.12)
T copies s copies

Free super modules appear frequently in supermanifold theory. For instance
the tangent space at a point in a supermanifold is a free super module of
the same dimension as the supermanifold.

For a non-commutative algebra (such as A) one must distinguish be-
tween left and right A-modules. The modules of Definition 2.2.5 are left
A-modules; however, because of the super-commutativity of A, such a mod-
ule can also be given the structure of a right module by defining the map

VxA—-YV
(V,A) — (=D)IVIIAl 4y (2.13)

(The super module property follows because

VAl =[V]+]4]
and V(AlAg) = (VAl)Ag (214)

for all V in V and A, Ay, Ay in A.) Thus, while an ordering convention is
necessary, it will often not be specified whether a module is on the right or
the left.

An important example of a super A-module is the set of super deriva-
tions of A (Definition 2.2.3). The following proposition, which may readily
be proved, shows that the set of super endomorphisms of a super algebra
A has a natural A-module structure. (It will be seen in Chapter 6 that
these ideas allow a natural extension of the usual notion of vector field to
supermanifolds, with A the algebra of supersmooth functions.)

Proposition 2.2.6 The set Der(A) of super derivations of A is a left
super A-module with

(AP)B = AP(B) (2.15)
for all A, B in A and P in Der(A).

Both the exterior derivative of differential forms on a manifold and the
interior derivative along a vector field are examples of odd derivations of
the super algebra of differential forms.
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To complete this section the definition of a homomorphism of super A-
modules will now be given. Such mappings are referred to as super A-linear
mappings.

Definition 2.2.7  Suppose that A is a super commutative algebra and
that V and W are super A modules. Then a mapping f : V — W is said
to be a super A-linear mapping of super A-modules if f is a super vector
space homomorphism and also

FAV) = (=) A (V) (2.16)
forall Ain A and all V in V.

The super matrices of the following section correspond to such transforma-
tions referred to specific bases in the usual way.

2.3 Super matrices

If A is a super commutative algebra, super matrices are matrices with
entries in A which define even homomorphisms of free super A-modules in
terms of particular bases. In most applications to supermanifolds the super
commutative algebra in question will be a Grassmann algebra.

Definition 2.3.1 A (p,q) x (r, ) super matriz over a super commutative
algebra A is a (p+ ¢) x (r + s) matrix M whose entries are elements of A
and which has the block-diagonal form

Moo Mo
’ ’ 2.17
(MLQ Ml,l) ( )

with Moo a p X r matrix with even entries, Mg 1 a p X s matrix with odd
entries, M o a ¢ X r matrix with odd entries and M ; a ¢ X s matrix with
even entries. Such a super matrix is said to have order (p,q) x (r, s).

Suppose that V and W are free super A-modules of dimension (p,q) and
(r,s) respectively with super bases {C1,...,Cpyq} and {Bi,...,Bris}.
Then an even super A-linear mapping f : V — W can be expressed by
the (p,q) x (r, s) super matrix (f;’) where

r+s
f(C) =) fBji=1,...p+q. (2.18)
j=1
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Addition and multiplication of super matrices is defined in a way analo-
gous to that for conventional matrices, with matching of super order being
required so that the resulting matrices are super matrices and not simply
matrices with A-valued entries. Thus the sum of two super matrices of the
same order will be a super matrix of that order, while the product of a
(p,q) x (r,s) super matrix M with a (r,s) x (¢,u) super matrix A will be
a (p,q) X (t,u) super matrix MAN. The product of super matrices corre-
sponds to the combination of A-linear transformations and so has the usual
algebraic properties.

In supermanifold theory the most important super matrices are square
super matrices; the set M((p,q),A) of (p,q) % (p,q) super matrices over
A is closed under multiplication, and the subset GL(p, ¢; A) of invertible
matrices is a group with identity element the matrix with the unit element
of A along the leading diagonal and zeros elsewhere (denoted I, 4 or simply
I). When A is of suitable form, GL(p, ¢; A) will be a super Lie group of the
kind discussed in Chapter 9.

Further properties of super matrices which depend on A being some
Grassmann algebra are considered in Chapter 3.

2.4 Super Lie algebras and super Lie modules

In this final section on the basic algebraic structures involved in super-
manifold theory various super extensions of the concept of Lie algebra are
introduced. The simplest of these is the notion of super Lie algebra, which
is a super vector space on which a super anticommutative Lie bracket is
defined which satisfies a super Jacobi identity.

Definition 2.4.1 A super Lie algebra is a super vector space U together
with a binary operation

UxU—U
(X,Y) — [X,Y] (2.19)

such that for all X,Y in U

X Y]] = [ X[+ Y]
and [X,Y] = —(-1)XIM ]y, X], (2.20)
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and for all XY, Z in U the super Jacobi identity

()X [y, Z)) + ()P zZ (x4 ()Y Iy (2, X)) =0
(2.21)
is satisfied.

This definition has the standard structure of a super version of a standard
mathematical object; that is, every interchange of two elements is accompa-
nied by the appropriate sign factor, as may be seen by multiplying through
by a factor (—1)IXI1Z]. A more fundamental reason comes from considering
super commutators.

There is an extensive literature on super Lie algebras (which are also
known in the literature as Lie super algebras). The classification of finite-
dimensional simple super Lie algebras was discovered by Kac [86]; a detailed
account of this work may be found in the book of Scheunert [136]. This book
also describes aspects of the representation theory of super Lie algebras. An
extensive discussion of super Poincaré algebras is given in Cornwell’s book
[34], which also considers semisimple super Lie algebras.

The representation theory of super Lie algebras is based on the im-
portant result (whose proof is left to the reader) that the set of super
endomorphisms of a super vector space form a super Lie algebra.

Proposition 2.4.2 Let V be a (p,q)-dimensional super vector space.
Then the set g of super endomorphisms of V has the structure of a super
Lie algebra of dimension (p? + ¢%,2pq).

As one might expect, super Lie algebras play an important réle in the
theory of super Lie groups; for some classes of super Lie groups (H*° Lie
groups in the terminology of Chapter 9) super Lie algebras are sufficient.
However for more general super Lie groups, and for some aspects of the
analysis on all super Lie groups, it is useful to introduce the concept of
super Lie module. Such a module is both a super Lie algebra and a module
over some super algebra, with the two structures intertwined.

Definition 2.4.3  Suppose that A is a super algebra and that u is a super
Lie algebra which is also a super A module such that

[AUL, Us] = AUy, U (2.22)

for all A in A and Uy, Us in u. Then u is said to be a super Lie module over

A.
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Super Lie modules are important in supermanifold theory because the vec-
tor fields on a supermanifold form a super Lie module which is locally free,
as is shown in Chapter 6. The following proposition, which establishes
that the super derivations of a super commutative algebra form a super Lie
module, is useful in the study of vector fields.

Proposition 2.4.4 Let Der(A) denote the set of super derivations of the
super commutative algebra A. Then Der(A) is a super Lie module with
bracket operation defined by the super commutator

[X,Y]=XY — (-1)X Wy x (2.23)
for X,Y in Der(A).

Proof It has already been shown in Proposition 2.2.6 that Der(A) is a
super A-module. Direct calculation shows that

[(X,Y](AB) = ([X,Y]A)B + (—1)AIX+YD A([x V] B) (2.24)

for all A, B in A, so that [X,Y] is a derivation of A of degree |X|+ |Y.
The graded antisymmetry

(X,V] = —(-)XIV X v] (2.25)

follows immediately from the definition, while the graded Jacobi identity
can be verified by direct calculation. |

Example 2.4.5 Suppose that u is a super Lie algebra, and that A is
a super algebra. Then A ® u is a super Lie module over A, with bracket
defined by

[AX,BY] = (-1)XIIPIAB[X,Y] . (2.26)

Super Lie modules with this tensor product structure are referred to as
product super Lie modules.

Super Lie modules are also important in the study of super Lie groups.
In Chapter 9 it is shown that the infinitesimal structure of the group is
captured by a super Lie module. The analogy with the classical theory of
Lie groups is quite close.
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Chapter 3

Superspace

The particular super commutative algebras used to build concrete super-
manifolds are usually Grassmann algebras. In the literature on super-
manifolds a variety of such algebras have been employed, some finite-
dimensional, some infinite-dimensional, some with Banach algebra prop-
erties, others with much coarser topologies. These algebras are briefly de-
scribed here, and their merits and demerits discussed. Most emphasis is
put on the particular real Grassmann algebra Rg which is much used in this
book; this is defined in Section 3.1, together with the corresponding (m, n)-
dimensional superspace R"" and its DeWitt topology which is defined in
Section 3.2. In Section 3.3 the corresponding complex Grassmann algebra
Cg is described, while in the final section the theory of super matrices with
Grassmann algebra entries is developed.

3.1 Real Grassmann algebras

In this section the Grassmann algebra over a finite dimensional real vector
space is defined, and various infinite-dimensional Grassmann algebras dis-
cussed. In the concrete approach to supermanifolds it is generally easier to
model the supermanifold on a superspace built from an infinite-dimensional
Grassmann algebra. While it might seem simpler to use a finite-dimensional
algebra, there are difficulties which can arise when considering functions of
such algebras, as will emerge in Chapter 4. Alternatively, one may use a
Grassmann algebra with a variable, but finite, number of generators, and
take some limit as the number tends to infinity.

Definition 3.1.1  For each finite positive integer L, Rg(y) denotes the
Grassmann algebra over R with L generators. That is, Rg(z) is the algebra

17
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over R with generators

LBy 010

and relations

181y =By =pPi)t i=1,...,L

Bra1Bri1 = — B384 ,j=1,...,L
(3.1)

This is not the most elegant or abstract definition of this algebra, but is
the most useful form for the constructions to be made below. A typical
element X of Rg[z) may thus be expressed as

X=3 Xafy (3.2)

AEM L

where A is a multi index A = A\j... A\ with 1 < A\ < -+ < Ay < L,
M, is the set of all such multi indices (including the empty index }), each
XA (A € ML) is a real number and ﬁ[é] = ﬁ[)\l] . ﬁ[)\k] (Wlth 6[@] = 1)

The Grassmann algebra Rg(z) is given the structure of a super commu-
tative algebra by setting Rgiz) = Rz o) ® Rgjz 1) with Rg(p ) consisting of
sums of combinations of even numbers of anticommuting generators, and
Rg(z 1) of sums of combinations of odd numbers of anticommuting genera-
tors. That is, if My o is the set of multi indices in M which contain an
even number of indices while My, ; is the set of multi indices in M, which
contain an odd number of indices,

Rsiro = {x z€Rg, z= Y, xxﬁm}
AEMp o

Rz 1) = {f}f ERgyp E= Y Qﬁm}- (3.3)
AEMp

Here the convention is used that lower case Latin letters denote even vari-
ables and lower case Greek letters denote odd variables (while capital letters
will denote elements of either parity, or of no definite parity). A complex
Grassmann algebra Cy, is similarly defined as the Grassmann algebra over
C with L anticommuting generators, as will be seen in Section 3.3.
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Given a super commutative algebra A, the corresponding (m,n)-
dimensional superspace can be defined to be the space

Am’n:AOX---XA()XAlX"'XAI (34)

m copies n copies

with m said to be the even dimension and n the odd dimension of the
superspace. Using the specific super commutative algebra Rg(z), it now
becomes natural to consider flat (m,n)-dimensional superspace to be the
space

Riir) =Rsirop x -+ x Rsipop X Rsjzap X -+ x Rgray, (3.5)
m copies n copies
with a typical element denoted (x!,...,2™;&% ... €M), or more briefly

(z;€). At this stage m and n are both arbitrary non-negative integers.
In Chapter 13 it will be apparent that particular values of m and n are
often appropriate in supersymmetric physics; there may also be restrictions
on dimension when further structures are required.

It is useful to observe that there is a unique algebra homomorphism
€ of Rgjz) onto R which maps the identity element 1 onto 1 and all the
generators 3;),7 =1,..., L to zero. Thus

€:Rgzp — R
> XaBa — Xo. (3.6)

AEM L

This map is known in mathematics as the augmentation map, but here,
following DeWitt [43], it will be referred to as the body map. The com-
plementary map, which projects onto the nilpotent elements, is the soul
map

S RS[L] — RS[L]
X — X —€e(X)1, (3.7)
so that X = ¢(X)1 + s(X). It is also useful to define
€mn : Ry — R™

S[L]

(b, ™ e ) e (e(zh), L e(2™)). (3.8)
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Because the product of L+1 anticommuting generators of R 5[z must neces-
sarily contain a repeated factor and thus be zero, the following proposition
is immediate:

Proposition 3.1.2 If X € Ry,
(s(x)* =o. (3.9)

Because the soul of an element is always nilpotent, an element of Rgyp;
whose body is zero will not be invertible. Conversely, if the body of an
even element x of Rg() is not zero, then it is invertible, with inverse

L s@) (@)
=D (1 6(gc)+<€(x)) ) (3.10)

As the following proposition shows, it is possible to equip the Grassmann
algebra Rg(z) with a norm in such a way that it becomes a Banach algebra.

Proposition 3.1.3  Suppose X is an element of Rg(r), with
X =Y XiBy-
AEM L
Then if || X|| is defined by
XN =" 1Xal, (3.11)
AEM

||| defines a norm on Rgyy). Also Rgr) with this norm is a Banach algebra,
that is, ||1|| = 1 and, for all X andY in Rg(y,

XY < IXY- (3.12)

Much of this theorem follows from the standard ¢! norm on a finite dimens-
ional vector space. The algebraic aspect follows by linearity from the facts
that ||, ]l = 1 and B(,16,] is either zero or £f, for some multi index
A - -

It is possible to slightly modify the definition of a Grassmann algebra
to allow an infinite number of generators.

Definition 3.1.4 Rg denotes the algebra over R with generators

176[1]7"'
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and relations

181y =By =Bl 1=1,2,...

Bi1815) = =B84 B, =1,2,.... (3.13)

A typical element of Rg is thus

B=Y" b (3.14)

A€EMoo

where each A is a finite multi index A = A\ ... A\p with 1 < Ay < -+ < Ag,
M is the set of all such multi indices (including the empty index (}), each
by (A € Mg) is a real number and Bix) = Ba,]---Ba,) (With Big) = 1),
The number of indices in the multi-index ) is denoted ¢()), and the term
baBa) is said to have length £().

The Grassmann algebra Rg is a super commutative algebra, with Z,
degree defined as for the finite-dimensional algebra Rg(;. Also the body
and soul maps may be defined in an analogous manner.

Elements of Rg are formal infinite sums which are added and multiplied
according to the usual rules of algebra. These sums and products are well-
defined because each term in the expansion (3.2) in terms of finite products
of generators is well-defined. Questions of convergence only arise when
one considers the topology on Rg. Various topologies are discussed in
the following section, where it will be seen that the most commonly used
topology — the DeWitt topology — involves no convergence conditions. It is
the lack of invertibility of the anticommuting generators which makes such
a topology useful, because it has the effect that terms containing a given
generator in a factor cannot contribute to terms without that generator in
the product. The corresponding situation with a Clifford algebra would be
quite different.

3.2 The topology of superspace

There are a number of different topologies one can use on the superspace
RZ""™. The most important topology is that introduced by DeWitt [43];
despite the fact that it is a non-Hausdorff topology, it will emerge in the
following chapter that specific algebraic features make it the appropriate
topology to use in many aspects of supermanifold theory.
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Definition 3.2.1 A subset U of Rg"" is said to be open in the DeWitt
topology on Rg"™ if and only if there exists an open subset V' of R™ such
that

U=éemn (V). (3.15)

This topology is by far the most useful topology on superspace, but there
are other possibilities which have been considered in the literature.

When using a finite-dimensional Grassmann algebra Rg(z, the super-
space R’Sn[ﬁ is also a finite-dimensional vector space, and one can simply use
the usual finite vector space topology, but the DeWitt topology is also avail-
able. On superspaces built from infinite-dimensional Grassmann algebras
there are various possible topologies in addition to the DeWitt topology.
One approach (first considered in [118], and developed considerably by Jad-
czyk and Pilch [84]) is to restrict the algebra Rg in such a way that it can
be given the structure of a Banach algebra. In [118] this was done by con-
sidering the subspace R[] consisting of elements with finite £; norm; the
following theorem justifies this approach.

Theorem 3.2.2  Let R denote the vector subspace of Rs consisting
of elements B = ZpeMm XuPy such that [ X1 =der ZueMoo ‘Xﬁ‘ < o0
Then Rgi) forms a subalgebra of Rg, and Rgie) with norm || ||1 is a

Banach algebra.

Proof Suppose that X and Y are elements of Rg with X =
ZHEMOO Xﬁﬁ[ﬂ] and Y = ZHEMOO Yﬁﬁ[ﬂ]' Then

XY =Y Y XYB,Bu- (3.16)

PEMoo vEMoo

Now B3} ,18v) is either zero or equal to a product of some of the Grassmann
generators 31], 32],-- ., so that

IXvih< > >

MEMoo vEMo

> X \Xﬁ\ v,

PEMoo vEMoo
= [I XY
< 0. (3.17)
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This shows that the product XY also lies in Rg[) and thus Rg) is a
subalgebra of Rg. Equation (3.17) also shows that the product of two
elements in Rg[) has the Banach algebra property

[ XYl < [ XTalY (3.18)

Direct calculation shows that |[1]|; = 1. Thus Rgps) with norm || ||; is a
Banach algebra. |

Such Banach Grassmann algebras have been considered in great detail by
Pestov [109].

A third possibility, developed by Inoue and Maeda [83] is to give Rg
the structure of a Fréchet space; briefly, a Fréchet space is a vector space
on which a family of seminorms is defined such that the seminorms of the
distance between two distinct points are never all zero, and such that the
corresponding natural topology is metrizable. Inoue and Maeda give Rg the
structure of a Fréchet space by considering the finite-dimensional subspaces
]Rg[j] , 7 =0,1,... consisting of terms whose length (in the expansion (3.14))
does not exceed j. The seminorms p;,j = 0,1,... are then defined by
projection onto Ré[j] followed by taking the ¢; norm.

A further approach to superspace is developed by Nagamachi and
Kobayashi [107], who consider an inductive limit (as L tends to oo) of the
finite-dimensional algebras Rg(z). This approach is closely related to the
approach of Batchelor [12] and Rogers [122] where inductive limits of su-
permanifolds modelled on Rg( are considered. Nagamachi and Kobayashi
also consider algebras with more general commutativity properties.

Amid this confusing welter of possible Grassmann algebras on which
to model supermanifolds, the infinite-dimensional Grassmann algebra Rg
with the DeWitt topology seems to have the necessary analytic features
without superfluous analytical encumbrances, and will be the one largely
employed in this book.

3.3 Complex Grassmann algebras

The basic definition of complex Grassmann algebra closely resembles that
of a real Grassmann algebra. For completeness it will now be given.

Definition 3.3.1  For each finite positive integer L, Cg(y) denotes the
Grassmann algebra over C with L generators. That is, Cg[z) is the algebra
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over C with generators

and relations

181 =B =0l i=1,...,L

BB = —P1by wi=1,..., L (3.19)
A typical element X of Cg|z) may thus be expressed as
X= Y X\By (3.20)
AEM,

where each coefficient X is a complex number. The definition may readily
be extended to give a definition of the complex Grassmann algebra Cg with
an infinite set of generators in strict analogy to Rg.

The notion of complex conjugation is important, and can be defined in a
variety of ways. The approach taken here (which, up to sign conventions, is
that usually used in physics) has several useful properties. An alternative
definition, with interesting physical applications, is given by Kleppe and
Wainwright in [91].

Definition 3.3.2  Complex conjugation is the unique R-linear map of
Cg into itself such that,

(ca)* =c*a* forallce CandaecCg

1* =1
5[2‘] = iﬁm for each generator ﬂ[i]
and (ab)* = b*a* for all a,b € Cg, (3.21)

where ¢* denotes the complex conjugate of ¢ € Cg.
Theorem 3.3.3  conjugation is an involution, that is,
¢ =cfor all c € Cg. (3.22)

Proof It follows from (3.21) that

(afia))” = a®i' ¥ B 5. (3.23)
where 6[ Y ﬂ“\z(g)] e ﬂ[h]' Hence
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In order to identify the real Grassmann algebra Rg as a subalgebra of Cg,
an element C of Cg is defined to be real if and only if

cr=il¢c. (3.25)

With this definition, if C; and Cy are real then the sum C; + C5 is clearly
real and also, since

(C1C)* = C* ™
— 7;\01|7;\C2\0201

— ;UC1+[C2]) moa 204 Cy, (3.26)

the product C1C5 is also real, so that the real elements form a subalgebra
R(Cg) which is naturally isomorphic to Rg under the isomorphism where
L+ 1 and ;) — B[] (Anticipating this isomorphism, the same notation
has been used for the generators of Rg and Cg.) Many of the constructions
already described for Rg can be generalised to Cg in an obvious way; for
instance the body map is

e:Cg —C
> CaBa— Co. (3.27)

AEM L

3.4 Further super matrices

Super matrices were introduced in Section 2.3. In this section the entries in
a super matrix will be elements of some Grassmann algebra. Some of the
results proved here are valid for more general super algebras, but may of the
proofs presented here use the body map, both because this leads to simpler
proofs and because the methods are well adapted to supermanifolds.

There is a simple criterion for the invertibility of a super matrix M
with Grassmann entries; it is that the matrix is invertible if and only if the
body e(M) of M, that is, the (p + q) x (p + ¢) real (or complex) matrix
each of whose elements is the body of the corresponding element of M, is
invertible. This may be proved by explicitly constructing the inverse in the
following manner. Let

N = (e(M)) "M = s(M)e(M) ™" + (s(M)e(M)™)? =) ... (3.28)
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where s(M) is the (p, ¢) X (p, ¢) super matrix whose elements are the souls of
the elements of M. Then explicit calculation shows that MN = NM =1
as required. This shows that a super matrix M is invertible if and only if
both Mg g and M, ; are invertible.

This criterion for invertibility is used in the proof of the following lemma,
which shows that the dimension of a super A-module is well defined.

Lemma 3.4.1 Suppose that V is a free super A module and that
{C1,...,Crmyn} is a (m,n) super basis and {B1,...,Bpiq} a (p,q) super
basis of V. Then m = p and n = q.

Proof Let M be the (m,n) x (p, ¢)-dimensional super matrix with entries
in A which expresses the elements of the first super basis in terms of the

second. Also let N be the (p, q) x (m,n) super matrix which expresses the
elements of the second super basis in terms of the first. Then

NM=1I,, and MN = Ipn. (3.29)
Hence
eM)e(N) =14, and  e(N)e(M) = 1,44, (3.30)

and thus by standard arguments m +n = p + ¢. Additionally, ¢(M) and
€(N) are invertible square matrices with real (or complex) entries. Now
suppose that m < p (and thus that n > ¢). Then €(N) has the block form

7 0 0
> 0 O
0 T3 Ty

where T3 is an m X m matrix, Ts is a (p — m) X m matrix, T3 is a ¢ X (n — q)
matrix and Ty is a ¢ x ¢ matrix. Thus det(e(N)) = 0, but this contradicts
the invertibility of €(N). Thus m > p. Similarly it can be shown that
p > m, and thus m = p as required. |

The notion of determinant has many applications in differential geome-
try; for supermanifolds the corresponding notion is the superdeterminant,
first defined by Berezin [16], which is not simply a straightforward gener-
alisation of the conventional determinant. One may, by considering simple
examples, readily see that no simple generalisation of the usual definition
preserves the product property of the determinant; also, if one considers the
related concept of trace one finds that the cyclic property trAB = trBA
is not valid for super matrices. However, by modifying the definition of
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trace the cyclic property is regained and a corresponding modification of
the determinant suggested.

Moo M,

Definition 3.4.2  Suppose that M = ( 0.0 0’1) is a square super
My M

matrix. Then the supertrace of M, denoted strM, is defined by

strM = tr./\/lo,o - trj\/ll,l. (3.31)

The key property of the supertrace, established in the following theorem,
is that it has the cyclic property. This means that an endomorphism of
free super algebra module has a supertrace which is independent of the
choice of super basis. (A more canonical definition of supertrace in terms
of eigenvalues is also possible.)

Theorem 3.4.3 Let M and N be (p,q) x (p,q) super matrices. Then

StrMN = strA M. (3.32)
Proof
p ptq q ptq
strM N = ZZM'LJ-/\/]'L ZZMH-ZDJ jitp
=1 j=1 =1 j=1
p ptq q ptq
:ZZ ”Mﬂ ZZMﬂU jitp
=1 j=1 =1 j=1
= strN M. (3.33)
[ |

It is possible to define the superdeterminant of a square super matrix as the
exponential of the supertrace of the logarithm of the super matrix. How-
ever, while this approach easily leads to the product property, it involves
concepts of function which will not be introduced until the next chapter.
The following definition is more direct, and is clearly equivalent when the
super matrix concerned is diagonal.

Definition 3.4.4  Suppose that M = ( ’ ) Then the superde-
Mo Ml 1

) s

terminant of M, denoted sdet M, is defined by
sdetM = det(Mo,o — Mo, 1 M7 1My o)det M7 (3.34)
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where the determinant of a matrix whose entries are even elements of a
super algebra is calculated according to the usual formula.

That this definition has the required features is far from immediately ob-
vious. The following theorem establishes the key product property of the
superdeterminant; there are many ways to prove this result, a very general
proof is given by Leites in [99]. The proof given here assumes that the
entries in the matrices concerned are elements of a Grassmann algebra.

Theorem 3.4.5 Suppose that M and N are invertible super matrices
with entries in Rg or Cg. Then

sdet M = sdet Msdet . (3.35)

Proof The result will be proved by induction over the number of Grass-
mann generators. It must be shown that

det(Mo)Q — ./\/lo,1M1_’%M1,0)det./\/lﬁdet(]\/'0,o — No,l./\/l_,ll./\/l,o)det./\/’l_,ll
= det((MN)o,o - (MN)O,l(MN)l_j(MN)LO)det(MN)l_i' (3.36)

If all elements of M and AV are in the subalgebra Rgjo) = R of Rg then (3.36)
reduces to a simple relation between ordinary determinants which is clearly
true. Assume as inductive hypothesis that the result is true whenever M
and N have entries in the subalgebra R siz—1] of Rs. Now suppose that M
and N have entries in Rg(z], so that

M =P, M+ B[L]A
N =Pr N+ 3B (3.37)

where Pr_1 denotes the projection of Rg(z) onto Rg(z,_1) which maps (3]
to zero and each other generator to itself, and A and B are (p+q) X (p+q)
matrices with entries in Rgjz_q).

Using the result that, if A is an invertible square matrix with even
entries and B, also square and of the same order, has odd entries,

det(A+ B B) = detA(1 + BB/ (A™1);"), (3.38)

explicit calculation shows that equation (3.36) holds when M and N have
entries in Rgiz). Hence the theorem is proved by induction. (The proof in
the complex case is essentially the same.) |
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In Chapter 9 it will be shown that GL(p, q; Rg) provides an example of a
super Lie group, and that various of its subgroups (such as the subgroup
consisting of matrices whose superdeterminants all equal 1) are also super
Lie groups.

The presence of anticommuting elements requires a modification to the
definition of transpose (but not to Hermitian conjugate), because of the
multiplicative property (ab)* = b*a* specified in (3.21) for elements of a
complex Grassmann algebra). If M is a (p,q) x (r,s) super matrix with

block form <A B

c D)’ then its super transpose is the (r,s) x (p,q) super

matrix

AT T
MT = <BT DT ) (3.39)

where AT is the standard transpose of A and so on. This super transpose
has the important property that

(MN)ST = NST MOT, (3.40)

which leads to super analogues of the orthogonal groups, known as or-
thosymplectic groups, as described in Section 9.2.

If the super matrix M has entries in Cg, then its super hermitian con-
jugate is simply the matrix MT with entries M;rj = (Mj;)*, that is, the
standard Hermitian conjugate. Here again the product rule is as expected,
that is,

(MM = Nt (3.41)

which leads naturally to the existence of super unitary groups.
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Chapter 4

Functions of anticommuting variables

m,n

This chapter develops the analysis of functions on the superspace R¢
(and on some other superspaces described in Chapter 2). Since supermani-
folds are spaces locally modelled on some superspace, it is crucial to decide
the appropriate concept of ‘superdifferentiation’ and ‘supersmoothness’ for
functions on such spaces, so that a satisfactory criterion can be applied
to transition functions between overlapping coordinate patches. (If one
takes the alternative, algebro-geometric, approach to manifolds described
in Chapter 8, this question takes a different but closely related form.) In
the heuristic approach to superspace developed in the physics literature
by Volkov and Akulov [152] and Salam and Strathdee [135], a function on
(m, n)-dimensional superspace is referred to as a superfield (as is explained
more fully in Section 13.1) and takes the form

flat, 2™ e = Y fulw)es (4.1)

EGM,L

where the p are multi indices in the set M,, (defined in Section 3.1) and, if
M= fi1 ... jig, then & = g &Mk while the f, are ‘ordinary functions’ -
a notion that in fact needs elucidation, and may be interpreted in a number
of ways. Now all definitions of functions on superspace have exactly this
dependence on the odd variables &1, . .., &,, but the nature of the functions
fu of the even variables depends on (among other things) the choice of
Grassmann algebra which is made.

In Section 4.3 supersmooth functions on the superspace Rg"" built from
the infinite-dimensional Grassmann algebra Rg are defined. These func-
tions are referred to as G* functions, and are much used in this book. The
definition used is algebraic, and makes use of the concept of Grassmann an-
alytic continuation described in Definition 4.2.2, a procedure for extending

31
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a function of whose domain is a subset U of R or C™ to a function whose
domain is the set (€, 0) "} (U) of even Grassmann variables. The properties
of these functions are described in Section 4.4. Grassmann analytic continu-
ation also suggests a more restricted class of functions which can be defined
on the various superspaces considered. These functions, referred to as H®
functions, are crucial to understanding the link between algebro-geometric
and concrete supermanifolds. In terms of the superfield expansion (4.1),
the distinction between H*° and G*° functions is, informally, that in the
H® case the ‘ordinary’ functions f,, take values in R, while in the G* case
they take values in Rg. B

Sections 4.3 and 4.4 are essential to the development of supermanifolds
in this book, while the other parts of the chapter are included to give a
more complete account of different approaches which may be taken, and
because certain theorems for infinite dimensional super algebras are most
readily proved by using truncation to finite-dimensional algebras.

Partly to motivate the definition of G function on R"", but also for
application where truncations to a finite-dimensional Grassmann algebra
is required, a description is given in Section 4.1 of the notion of super-
smooth functions on the superspace R’SH[L”] which is built from the finite-
dimensional Grassmann algebra Rgz), and the theory further developed in
Section 4.2 on Taylor’s theorem and Grassmann analytic continuation. In
the finite dimensional setting a notion of differentiation in terms of small
increments can be developed. However odd derivatives are ambiguous, a
problem which can be dealt with in two different ways; one is to use infinite-
dimensional algebras, which leads to the key definition of G* functions on
R¢""™. This definition uses the idea of Grassmann analytic continuation for
finite-dimensional Grassmann algebras as the definition of a smooth func-
tion when an infinite-dimensional algebra is involved. The other approach,
described in Section 4.6, is to slightly restrict the class of supersmooth
functions, considering a class of functions referred to as GH > functions.

Some other infinite-dimensional Grassmann algebras are discussed in
Section 4.5, and then two sections consider partitions of unity and the
inverse function theorem. The final section considers superholomorphic
functions on Cg"".

Further aspects of analysis on superspace have been considered by var-
ious authors, including for example a study of distributions and partial
differential equations by Khrennikov [87].
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4.1 Superdifferentiation and finite-dimensional Grassmann
algebras

Using the finite-dimensional Grassmann algebra Rgz; as our super com-
mutative algebra (with Rgb[& as the corresponding superspace) there are
two approaches one can take in defining a notion of differentiability; one
is to seek some direct analogue of the usual notion by considering changes
in the function corresponding to small changes in its argument [118], while
the other is to extend smooth functions from R™ to RZ[OL] by Taylor ex-
pansion [43, 118]; both these approaches will now be described, and the
relation between them explained. To begin with the differentiability prop-
erty is defined, leading to supersmooth functions which are referred to as
G functions, to emphasize the analogy with conventional C'*° functions.

Definition 4.1.1 Let U be an open set in R?[& and f : U — Rgpy).
Then

(a) f is said to be G if f is continuous on U with respect to the usual
finite-dimensional vector space topology.

(b) f issaid to be G! on U if there exist m continuous functions 97 f : U —
Rgz),7 = 1,...,m, and n continuous functions 8]-0]” U — Ry g =

1,...,n and a function p: R?[g] — Rgz) which satisfies

lo(hsm)|| — 0 as |[(;n)]| — 0 (4.2)

such that, if (z;£) and (x + h;§ + 1) are both in U, then

fla+h&+n) = f@:&)+ > h(OF f)(;€)
=1

Y @) (@5 €) + || ) plhim) . (4.3)

Jj=1

(Since Rgyz) is not a field, the odd partial derivatives 8jof, j=1,...,n
will not in general be unique.)
(c) The definition of GP, where p is a finite positive integer, is made in-
ductively. A function f is said to be G? on U if f is G' on U and
it is possible to choose 8;3]", k=1,...,m+n which are GP~! on U.
(Here 8;3 denotes a partial derivative of either parity, with 97 = 9F for
s

i:1,...7mand8j+mzaj-oforj:17...,n).

(d) fissaid to be G™® on U if f is GP on U for any positive integer p.
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(e) fissaid to be G¥ on U if, given any point X = (z;¢) in U, there exists
a neighbourhood Nx of X such that, for all Y = (y,v) in Nx, f(Y) is
equal to the sum of an absolutely convergent power series of this form:

f(X) = D Uk, (YT XY

(4.4)

(with each coefficient ay, .. k., in Rgz)).
(f) The set of GP functions of U into Rg(z) is denoted GP(U).

Also suppose that g : U — RQ[SL]. Then g is said to be G*™ on U if each of
the r + s components of g is G*. The set of all such functions is denoted
G>(U, RQ[SL]).

Example 4.1.2 A simple example of a G* function is
f : RZ’Q — RS[L]
(a',0% 6", €%) o exl (2?)%€€? (4.5)

(where ¢ is some fixed element of Rg(zj0). By ‘differentiation from first
principles’ one calculates that

of f(a', 2 ¢", &%) = c(2?)?¢'¢?
07 (o', 2% €1, €%) = 2eala?e'E?
OPf(x!, 2% ¢, &%) = cal (a?)%€
09f (x*, 2% €', &%) = —ca' (2?)%¢. (4.6)

The definition of superdifferentiability bears some resemblance to the con-
cept of analyticity of functions of complex variables, but there are important
differences; for instance, while it can readily be established that a G“ func-
tion is always G°°, the converse is not true (as will emerge in the following
section).

It can be shown that a G* function is always C* [118], but again the
converse is not true (this time, as one might expect from the analogy of
complex analytic function theory). In fact a G* function is a C*° function
whose differential is not merely linear with respect to R, but also linear
with respect to the algebra Rgz). (This has been used as a definition of
superdifferentiability by Jadzcyk and Pilch [84].) A theory of differential
calculus for finite dimensional Grassmann algebras was also introduced by
Vladimir and Volovich[150].
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4.2 Taylor expansion and Grassmann analytic continuation

This section begins with a theorem for Taylor expansion of G functions.
While this theorem bears a close resemblance to the conventional Taylor’s
theorem for C'*° functions, situations where the increments are nilpotent
provide finite Taylor series which are exact, and require no remainder term.
This makes possible an algebraic characterisation of G*° functions, and also
leads to some alternative classes of supersmooth functions.

Theorem 4.2.1 Suppose that U is an open set in R?[& and f is a func-
tion in G (U). Also suppose that (x;€) and (h;n) are elements of R?[&
such that, for 0 <t <1, the point (x + th; & +tn) lies in U. Then

flx+h&+n) =
klzr,kg:T’—kl,...,km+n27‘—(k1+...km+n_1) 1
3 [ (Y (e
Tl o]
k1=0...kp 4 n=0
X O (OF) (a9
1
- (HY . (H™F)kmin
* k_z ) [kl!...karn!( )7 )
1=0... Ky 4y =0
R
t
y / (05 ) - (D) (o + ths € + )], (@7)
0

where H' =hl i=1,....m and HT™ =/, j=1,..., n.
Proof As in the classical case this theorem may be proved by setting

u: [0, ].] — RS[L]a
t— flx+th;&+tn) (4.8)

and integrating the identity

%(u(t) = () -+ %(1 — 1P (1)) = %(1 _PutO(g) (4.9)

between limits 0 and 1. | |
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This theorem will be used to give a classification of G*° functions in terms
of C*° functions. In order to do this, Taylor expansion is used to define a
natural extension, referred to as Grassmann analytic continuation of func-
tions on R™ to R’Sn’o and denoted by the symbol ~ over the function. (In
general any restriction in some sense to the ‘body’ will be denoted by a
subscript () while a lift (provided there is no ambiguity) will be denoted by
the symbol ~ over the object concerned.)

Definition 4.2.2  Suppose that V is an open subset of R™ and U is a

subset of R?[L"] such that €, ,(U) = V. (Recall from equation (3.6) that

€m,n 1s the projection map taking a point in ]Rgn[g] onto its body in R™.)
Then

~: C%®(V,Rgy)) — {functions of U into Rgz;} (4.10)
is defined by
F(@:€) =aey
L 1 , , . ,
S 0O flemn (@) X s s(@™)
f Zl! ce Zm! ’
11=0,...,2m =0
(4.11)

Given f in C*°(V,Rgz)), the function fis called the Grassmann analytic
continuation of f.

This definition can be applied to a C*° function whose codomain is a subset
of Rgr), and to a set with a natural inclusion in Rg(z); a case which occurs
frequently is the continuation of a real-valued C*° function. function on
R™ to Rgn[f] is G* and that their derivatives correspond in a natural way.

Theorem 4.2.3 Suppose that U is an open subset of R’STL[’L”], and that
[ and g are functions in C(€mn(U),Rgir)), the space of C>° maps of
ém.n(U) into Rgz) regarded simply as a Banach space over the reals. Then

(a) feG(U),
(b) OE(F) = 0if fori=1,...,m,

(c) 6%,L(f) =0forj=1,...,n, and

() f+g9=Ff+gand fg=[7.
Proof (c) is immediate since the dependence on odd variables is trivial,
and the proof of (a) and (b) can be restricted to the case where n = 0.
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Let (x) and (x 4+ h) be in U. Then

~ ~

f(x+h) = flemo(x+h))

L
1 i im
11=0,...,9,m =0
x s(x! + ALY s(a™ 4 hm)im (4.12)

Also the classical Taylor’s theorem gives that

flemo(x+h)) = flemo(x))

i1=L,i2=L—i1,...,im=L— (14 -+im—1) 1

n 3 [ma? O Femo(@))

i1=0,...,4m =0

% emo(hL)i .. .emo(hm)im}

1 1\e M\ Tm
Z {memyo(h ).%.€m70(h )

i1=0...4m =0
'i1+“‘+'im+n=L+1

y /0 (05 )™ - (O) S+ th)t] (4.13)

Now the algebraic property of the classical Taylor expansion obtained from
equating the expressions for f(a + b+ ¢) obtained in two steps and in one
(with a = € 0(x) b = €mo(h) and ¢ = s(z + h)) shows that 7 satisfies
the Taylor theorem 4.2.1 and thus has first derivatives satisfying (b). It
also follows by induction that f is G™, so that (a) is established. Finally
(d) follows from the fact that the classical Taylor expansion of the sum of
two functions is the sum of the Taylor expansions of the functions, and the
Taylor expansion of a product is the product of the Taylor expansions. W

The following theorem shows that the coefficient functions f,, in the super-
field expansion (4.1) may be understood as Grassmann analytic continua-
tions of C*° functions on R™. The Grassmann analytic continuation also
allows one to define other useful classes of supersmooth functions.



38 Supermanifolds: Theory and applications

Theorem 4.2.4  Given a function f in G (U), there exist functions fu
in C®(emn(U)), n € M, such that

F=Y fut (4.14)
EEMH
where £.5=1,...,n are odd coordinate functions
gla;6) =¢ (4.15)

and {8 =M EMR if =y, g

Proof  Applying Taylor’s theorem 4.2.1 with (x;£) replaced by
(e(xM)1,...,e(z™)1;0...,0) and (h;n) by (s(zl),...,s(@™);6,...,0m)
leads to (4.14), with the coefficient functions f,, : €5,,(U) — Rgz) de-
fined by

fulth, ™)y =00 . OO (', 7). (4.16)

Corollary 4.2.5 The set G®(U) exactly coincides with the set of func-
tions f : U — Rgr) which can be expressed in the form (4.14) for some
functions f,, in C>(eU,Rg(r))-

This corollary provides an alternative characterisation of G*° functions
which could equally well have been used as a definition, without recourse
to any topology other than the DeWitt topology on the Grassmann alge-
bra. This approach will be used in the following sections to define a notion
of supersmoothness when the Grassmann algebra has an infinite number
of generators, and to define some alternative, more restricted, classes of
supersmooth functions.

4.3 Supersmooth functions on Rg""

In this section supersmooth or G*° functions on the infinite-dimensional
space R will be defined. This definition underpins the concrete su-
permanifold constructions considered in this book. (Using an infinite-
dimensional Grassmann algebra resolves the difficulties of ambiguous odd
derivatives encountered in Definition 4.1.1, where finite-dimensional Grass-
mann algebras are used, because there are no longer any elements which
are annihilated by an arbitrary odd element of the algebra.) Many of the
difficulties usually encountered when working with an infinite-dimensional
vector space are avoided by the use of the DeWitt topology together with
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the Grassmann analytic continuation which is now defined (extending the
construction of Theorem 4.2.4).

Definition 4.3.1 Let be V is open in R™ and f : V — Rg.

(a) f is said to be C* if for each positive integer L the function Pr o f :
V — Rgyr) is C*°. (Here Pr denotes the projection of Rg onto Rg(y,
obtained by setting all generators [,.; with 7 > L to zero.) The set of
all such functions is denoted C*°(V,Rg).

(b) If f is a function in C*°(V,Rg) then the function IE (€m,0) (V) = Rg
is defined by

~

f@:€)
c- 1 3 % i myi
=aef 702 . m@f Ol f (e () X s(zh) L s(a™)

(4.17)

This Grassmann analytic continuation has the properties (b) and (c¢) of
Theorem 4.2.3 for the finite-dimensional case, as may be seen by considering
terms involving the first 1,2,... Grassmann generators in turn.

The basic idea of a supersmooth function is that it should have a su-
perfield expansion of the form (4.1) where the coefficient functions f,, are
Grassmann analytic continuations of C'* functions. B

Definition 4.3.2  Let U be open in RZ"". Then f : U — Ry is said to be
G* on U if and only if there exists a collection { fﬁ | I3S Mn} of functions
in C*°(em,n(U)) such that

Fie) =" Fu(z)e” (4.18)

geMn

for each (z;€) in U. This expansion is called the Grassmann analytic expan-
sion of f and the functions f, are called the Grassmann analytic coefficients
of f.

As the notation suggests, G functions are infinitely differentiable, with
differentiation defined in the following manner:

Definition 4.3.3  Suppose that f is in G*°(U) with Grassmann expan-
sion coefficients fﬁ. Then for i = 1,...,m the derivative 9F f is defined
to be the function in G*°(U) with Grassmann expansion coefficients 9; f,,
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while for j = 1,...,n the derivative ajof is defined by

O0f (w:6) = > (1) elp; . Ful(w)er/) (4.19)
HEMTL

where ;. — (=) if j =g
i 0 otherwise

. R Y XS R T )
and  p/j= .
0 otherwise

Although it is necessary to use an infinite number of generators to obtain
well-defined odd derivatives, it is often useful to truncate to a finite number
of generators when proving theorems about G* functions. If H is any
function of an open subset U of R"" into Rg, then the notation Hiyj will
be used to denote the truncated function pizjo H : Uy — Rgz), where
U = pEZ]S”L(U), Pr is again the projection of Rg onto Rgyz) (and P[’Z]"
the corresponding projection of RY"™ onto R’;[L"]) It is then an immediate
consequence of Theorems 4.2.3 and 4.2.4 and Corollary 4.2.5 that a function
H on an open subset of R is G (according to Definition 4.3.1) if and
only if the truncated function Hiz) is G*° (according to Definition 4.1.1)

for every positive integer L.

4.4 Properties of supersmooth functions

In this section it is shown that many standard results in the analysis of
conventional, smooth functions have their analogues for supersmooth func-
tions on the superspace RY"". A graded Leibniz rule (for the differentiation
of a product) and a chain rule for differentiating a function of a function
will be established, and it will be shown that the various function spaces
(such as G*=(U)) are super algebras, and the structure of these algebras
will be discussed. The first theorem establishes a number of key properties
of G*° functions.

Theorem 4.4.1 Let a,b be elements of Rg, U be open in RY", and f
and g be functions in G (U). Then

(a) The function f + g is in G*(U), and

B(f+g) =0f+05g i=1,....m+n. (4.20)
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(b) bf is in G=(U) and
o2 (bf) = ()RS i =1, m+n. (4.21)

(c) If E and Q represent projections of Rg onto its even and odd parts
respectively, then fo = FE o f and f1 = Qo f are both in G*(U).
(d) The function fg is in G>=(U), with

0 (F9) = (08 Ng + (=) £(0Fg) k= 1,..om+n. (4.22)
(e) G®(U) is a super algebra with the product defined pointwise and
G=(U)o = {[If € G*(U), f(U) C Rso},
G>(U) = {ff € GZ(U), f(U) C Rg1}. (4.23)

Proof Suppose that, for y in My, the functions f, : €,,,(U) — Rg are the
Grassmann expansion coefficients of f, and g,, are the Grassmann expansion
coefficients of g.

(a) For all (z;€) in U

(F+ @) = > (Fulz) +Gulz))er

EM,,
= Y (fut g (4.24)
HEMy

by Theorem 4.2.3(d). Hence f + g is G*° with Grassmann analytic
coefficients fy, + g,; it then follows directly from Definition 4.3.3 that

W(f+9)=0f+09g k=1,....m+n. (4.25)
(b) Since
(bf)(@;€) = bfu(w)Eh), (4.26)
bf is G*°, with Grassmann analytic coefficients bf),, so that
oF(bfy=00Ff i=1,...,m
avf) = (-D)PASF  AX=m+1,....m+n (4.27)

as required.
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(¢) Since

= Y Eofu@)et+ Y Qofulx)en (4.28)

HEMng PEMpq

and each E'o f, and Qo f, is C* (because F and ) both commute
with Pr) fo and f; are G*™.

(d)
Z Z \9“\\91 If (2)gn ( )6LHY
&GM veM,
=30 3 Y el (=)l F (2)g5 (2)02
REM, vEM, pEM,
(4.29)
where
1 if LG = 9P
e(p,v;p) = —1 if oL¥ = 62 (4.30)
0 otherwise
Now, by Theorem 4.2.3(d), it can be seen that that
Eg\z = fggz (4.31)
and thus
&)=Y hyla)ee (4.32)

BEMn

with each h, @ €;,,(U) — Rg uniquely defined and C*°. Thus fg is
G*. Also, fori=1,...m

OF fg(z; )
=3 3 N v )0 fu(@) (@)L + Ful2)dig (x)EL

pPEM,, vEM, pEM,,

= 0F f(2:€)9(2:€) + f(:€)0 g(x:€) (4.33)
while for A\=m +1,...,m 4+ n explicit calculation shows that
O fg =0 fg+ (-1 fo3g (4.34)
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The next key property of G* functions which will be established is the
chain rule for differentiating the composition of a function f : RZ"™ —
RY? with a function g : RY? — RE®, which is most readily proved by
truncating to Rgjz; (with L arbltrary) and using the increment definition
of differentiation, Definition 4.1.1.

Theorem 4.4.2  Let U be open in RY™ and V' be open in R, Also, let
J:U—=REY and g: V — RG® be G, with f(U) C V. Thengo f:U —
RS® is G and, fork=1,....,r+s,j=1,...,m+n,

p+q

05 (g% o f)(w;€) = Y 05 ¥ (2:€)0 g* (f(2:€)). (4.35)

k'=1

(Here for k = 1,...,r + s, g* denotes the k component of g : V — RS®,
and so on.)

Proof Let L be a positive integer and suppose that X and X + H are in
Uir)- Foreach k=1,...,r +s,

g* 1y 0 fiy (X + H)

m—+n
=gl (f[L](X) + > HOP fiuy(X) + IIHIIn(H)>

i=1

= ¢" 1 (fim (X))

p+q m—+n
+ 2 (Z H'OP 1) (X) + ||H||n’f’<H>> 009" 1y (fiuy (X))

k'=1 i=1

m—+n

| 32 #0 fiy () + e
=1

m—+n
’ (Z H'OF f7,(X) + IIHllnj(H)ﬂ

p+q m+n

= g" (PO + D (D HOP iy (009" 1y () (X))

k'=1 i=1

+ | H " (H) (4.36)
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where 7,1’ and 1’ are functions which all tend to zero as their arguments
tend to zero. Hence gz o fiz) is G with

p+q
07 (g w0 fi)) = D 05 F* (:©)08 9" (f(2:€))- (4.37)

k=1
Thus, by induction (and Theorem 4.4.1), gz) o fiz) is G* with derivative
as required. Since L is arbitrary the theorem is proved. |

It is also useful to distinguish a more restricted class of functions, known
as H°° functions, which provide the bridge between the concrete and the
algebro-geometric approach.

Definition 4.4.3 Let U be an open subset of R?[L"] Then f : U —
Rg(z) is said to be H* if there exists for each p in M, a C° function
fﬁ : €m.n(U) — R such that

Flas€) = 3 Fula)en (4.38)

geMn
for each (z;€) in U. The set of all such functions is denoted H>(U).

The important feature of this definition is that the coefficient functions f,
are real valued and not Rg()-valued, so that although (by Theorem 4.2.4)
any H function is also G*°, the converse is not true. Indeed even the

constant function

f U — RS[L]
(:6) = a (4.39)

where « is some fixed odd element of the Grassmann algebra Rg(z; is not
He° although it is obviously G*°. The standard supersymmetry transfor-
mations in flat superspace are also G*° but not H, as are their counter-
parts in supergravity. The nice property of H*°(U) is that its algebraic
properties may be defined without reference to any particular Grassmann
algebra Rg(z], as will be shown below.

4.5 Other infinite-dimensional algebras

Since B, is a Grassmann algebra, the Definition 4.1.1 of a G* function can
also be applied to Boo-valued functions of R"", and Taylor’s theorem 4.2.1
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remains true. However the Grassmann analytic continuation cannot be ap-
plied to all G* functions, because the Taylor series involved in the Grass-
mann analytic expansion can no longer be truncated after a finite number of
terms, and so will not necessarily converge. It is possible to base a consistent
theory of supermanifolds on such a Banach-Grassmann algebra, and con-
siderable development of just such a theory was made by Jadczyk and Pilch
[84]; a more involved construction, together with further consideration of
the extension problem, was given by Hoyos, Quiros, Lamirez Mittelbrunn
and De Urries [79]. A detailed study of the soul expansion for Banach
Grassmann algebras was made by Pestov [110]. However the impossibility
of extending all C'*° functions has some drawbacks, and this approach will
not be pursued further here. A further possibility was developed by Inoue
and Maeda [83], who put a Fréchet structure on an infinite-dimensional
algebra, thus allowing all smooth functions to be extended. This provided
a mathematically rigorous approach to infinite-dimensional Grassmann al-
gebras which can be used when the simpler DeWitt approach, which avoids
convergence issues, proves inadequate. In this book this is not necessary,
but it is likely that in some contexts this would not be the case.

4.6 Obtaining well defined odd derivatives with finite-
dimensional Grassmann algebras

In Section 4.3 G*° functions were defined in an attempt to mimic for func-
tions of Grassmann variables the usual concept of C°*° function. While
a cornerstone of conventional calculus, the Taylor theorem, could also be
established for G*° functions, the ambiguity of odd derivatives prevents a
complete development along the lines of conventional calculus. In this sec-
tion a slightly restricted class of functions for finite-dimensional Grassmann
algebras, known as GH® functions, will be introduced; as the name sug-
gests, GH® functions occupy an intermediate position between G*>° and
H<° functions.

The basic idea of the definition is that a GH* function has a Grassmann
analytic expansion whose coefficient functions take their values in some
subalgebra Rgz of Rgiz). (In the case of a H* function, the coefficient
functions take their values in the reals, while for a G*° function they take
values in the full algebra Rg(z).) Before defining these new functions the
necessary subalgebras will be defined. First, suppose that L, L’ are positive
integers with L' < L. Then the generators of the Grassmann algebras Ry,
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and RS[L/] will be denoted I[L],ﬁ[L] T ,ﬁ[L] 1, and I[L’]vﬁ[L/] Lyene 76[L/] L
respectively. Associated maps, such as € will also be given suffices, to
indicate the particular Grassmann algebra concerned. There is a natural
injection ¢[/ 1) : Rgipp — Rgz) which is the unique algebra homomorphism
such that

vrn)(Bni) = By i=1,..., L
L[L/,L](]-[L/]) = ]-[L] (440)
The Grassmann analytic continuation of Definition 4.2.2 allows the domain
of a Rgz)-valued function to be extended from the body €y, n(r)(U) of
some open subset U of R’SH[L”] to the whole of U; two slight variations of the

Grassmann analytic continuation, which allow the extension of the domain
of real-valued and Rg[z/-valued functions, will now be given.

m,n

Definition 4.6.1 Let U be open in RS[’L] and L', L be positive integers
with L' < L.

(a) The map
“0.0) 1 C(emnr)(U),R) — {functions of U into Rz} (4.41)

is defined by

Flo.0y(®:€)
L 1 v | | |
= Z ﬁail 8:ﬁnf(€m7n[L]($)) X S(l’l)“ ...S({,Em)lm .
7;120,...71'7”:0 fecctme
(4.42)
(b) The map

1) C(emnn(U),Rgpp) — {functions of U into RS[L]} (4.43)

is defined by

L

~ . . i
f [L,L) (37§ 6) = Z WL[L/’L] (81 . '8ﬂ1bnf(€m,n[,($)))
11=0,.00yim=0 ~ T
X S(xl)h . .S(xm)im ' (4.44)

Equipped with these definitions the new class of functions can be defined.
Briefly, GH® functions have coefficient functions which are Rg(z-valued.
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This class is sufficiently restricted to avoid ambiguous odd derivatives but
wide enough to include constant Grassmann functions and supersymmetry
transformations.

Definition 4.6.2  Suppose that U is open in R’STL[’L”], with L > 2n. Let
L' = [%L], the greatest integer not greater than %L. Then f: U — Rg
is said to be GH* if and only if there exist, for each multiindex p in M,,
a C* function f, : €mnr(U) — Rgpz/ such that

Fa:6) = > fuwn(z)es (4.45)

HEMTL
for all (x;€) in U. The set of all such functions is denoted GH > (U).

It will emerge in the following chapter, on supermanifolds, that the
structures do not depend heavily on the particular value of L. Many of the
properties possessed by G* functions on RY"" have their analogues for H>
and GH® functions. Both GH**(U) and H*(U) are super algebras, but
they are distinguished from G°°(U) in that they are not modules over the
full Grassmann algebra involved; H>°(U) is not a module over any Grass-
mann algebra, while GH*(U) is only a module over the smaller algebra
Rgz. Further details may be found in [122].

4.7 The inverse function theorem

A complete analogue of the standard inverse function theorem holds for
supersmooth functions; as a consequence, the implicit function theorem
is also valid, which has important implications for the theory of sub-
supermanifolds.

Theorem 4.7.1  Suppose that U is an open subset of RE™ (in the De Witt
topology) and that F : U — R""™ is G®. Then, if the (m,n) x (m,n) super
matriz of derivatives (95 F7) is invertible at a point (z;€) in U, there exists
a neighbourhood V' of (x;€) such that F|y : V — F(V) has G™ inverse G;
also the derivatives of G satisfy

m-+n

> O (FH )05 (G(F() = o for pe V
k=1

m—+n
and Y 07(G*(q))d; (F(G(q)) = & for g € F(V).  (4.46)
k=1
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Outline of proof Let F have components (f1,..., f™; ¢, ..., ¢"). Since
the matrix (0; F7) is invertible at (z;€), the m x m matrix (e(0F f7)) is
invertible at €, »(x; &), so that there exists an open subset V' of U contain-
ing (z; ) such that Fig[vy, : Vig) — Flg)(Vig)) is invertible with C inverse.
Let Gg) denote this inverse.

The theorem will now be proved by constructing a solution G to the
equation

Go F(x;§) = (2:6) (4.47)

by induction over the number of generators in the Grassmann algebra, and
order by order in &.
Suppose that, for i =1,...,m,

&)= Y filx)es

HeMn

Y Y Bufiu@e. (4.48)

KEM, AEMoo

and for k=1,...,n,

¢ (@;6) = Y gp(a)er

HeMn

Yo > Bk u@)en. (4.49)

KEM, AEMoo

Functions g}, 7§, will be constructed such that

g yie) = D > Biagauy)e”

REM, A€ Moo

Fyio)= Y D Buamauyer (4.50)

BPEMp AEMoo

are the components of a function G = (g;y) which satisfies equation (4.47).
A coefficient function such as gy, will be said to be of level (m,n) if A is
of length m and p of length n.

At level (0, 0)? gpp must satisfy ggg o fig)|viy, = idv;,. This is achieved
by setting ggp = (foolvi, )~1, recalling that V' has been chosen so that such
an inverse exists.
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At level (0,1), 75#’ k=1,...,n must satisfy

&8 =75, (fop ()0}, (2)€” (4.51)

Since (by hypothesis) ¢f, must be invertible, a unique 75@ is determined.
At level (0,2) it is necessary that -
0 = OZ g0 Fo0(@) o, @) + Gy oo(@)f 042, (452)

which (again using the invertibility of ¢gy) determines gg,,, ,, uniquely.
At level (1,0), 7y, is determined by the requirement that

0="%9(fo0(®)) + 75, (foo(2)) P o (). (4.53)

In a similar manner it can be shown inductively that all coefficient
functions gi , and *y§ ., are uniquely determined by the requirement that
G o F(z;€) = (2;€). The rest of the theorem then immediately follows. B

4.8 Partitions of unity

In this section it is shown that G partitions of unity exist on any open
subset of RY"". Here, as always except when explicitly stated to the con-
trary, the DeWitt topology is used. The section is very brief, but provides
a good example of the power of the DeWitt topology.

Theorem 4.8.1  Suppose that U is open in Rg™. Let {Ua|ow € A} be a
locally finite open cover of U. Then there exist G functions {fo|la € A}
with the support of each fo contained in U, such that

> fa=1. (4.54)

a€cA

A collection of functions with these properties is said to be a partition of
unity on U subordinate to {U,|a € A}.

Proof Suppose that U = (em,,,) (V) where V is open in R™, and for
each o in A Uy = (€m,n) * (V) with V,, open in R™. Then {V,|a € A}
is a locally finite open cover of V. Let {go|a € A} be a partition of unity
on V subordinate to this open cover. Then, since the Grassmann analytic
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continuation of a constant function is simply a constant function taking the
same value,

Y Ga=1 (4.55)

using local finiteness and Theorem 4.2.3 which, as remarked before, extends
to the infinite-dimensional case. Hence by taking f, = g the required
partition of unity is obtained.

4.9 Superholomorphic functions of complex Grassmann
variables

A very similar construction to that of Section 4.3 allows the definition of a
superholomorphic function of a complex Grassmann algebra.

Definition 4.9.1  Let U be open in C§"". Then f: U — Rg is said to
be superholomorphic or GC* on U if and only if there exists a collection

{fg|ﬁ € Mn} of Cg-valued functions which are holomorphic on €, ,(U)
such that

F,0=3 Fulz)" (4.56)

geMn

for each (z,() in U. (As before this expansion is called the Grassmann
analytic expansion of f and the functions f,, are called the Grassmann
analytic coefficients of f.) The set of all such functions on U is denoted

GCe(U).

There is also an analogue of H* in the complex analytic case; this consist
of functions of the form (4.56) with f, taking values in C. The set of
such functions is denoted HC* (U). The properties of Grassmann analytic
continuation mean that many features of complex analysis transfer simply
to the super setting. Some of these will be discussed further in Chapter 14
which concerns super Riemann surfaces.



Chapter 5

Supermanifolds: The concrete
approach

There exist in the literature a confusing number of different formulations of
the concept of a supermanifold; these different approaches conceal a broad
similarity of content, and it is the purpose of this chapter both to set up
a useful working definition of a supermanifold, the G* DeWitt superman-
ifolds of Section 5.1, and to begin to relate this to other definitions. This
chapter also considers maps between supermanifolds.

Apart from differences of detail, there are two completely different ways
of looking at supermanifolds: on the one hand one can, as in this chapter,
take the concrete approach and define a supermanifold as a set with certain
extra structure, and then proceed with other structures very much as in
conventional differential geometry. Alternatively one may take the algebro-
geometric approach and generalise the algebra of smooth functions on a
conventional manifold to include anticommuting elements in a carefully
prescribed way [19, 95]. This approach is described in Chapter 7. The two
approaches are broadly interchangeable, in that one can realise the abstract
algebras of the graded manifold approach as algebras of H* functions on
carefully constructed supermanifolds. These connections are explored in
more detail in Chapter 8. It is unnecessary to be dogmatic about which
approach to use; certain problems lend themselves to one approach and
certain to another, while an individual’s mathematical background will also
influence the ease of working in a given approach.

In the concrete approach, a supermanifold is a space locally modelled on
a superspace; the key ingredients of a supermanifold are thus the superspace
on which it is locally modelled, the topology used on this superspace and
the class of functions from which the transition functions for changing co-
ordinates on overlapping coordinate patches must be drawn. In Section 5.3
a general definition of a supermanifold, appropriate for a wide class of these

51
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possibilities, is given. Before this, in Section 5.1, the particular case of a
supermanifold modelled on Rg"" with the DeWitt topology, and transition
functions required to be G*° is described; this is the definition which will
usually be used in the rest of the book, and will be the meaning implied by
the unqualified term supermanifold. In section Section 5.2 it is shown how
a topology is put on a supermanifold.

Although various definitions are possible there are many features of
supermanifolds, such as the structure of their function spaces, which are
independent of the details in almost all cases. There are places in the lit-
erature where supermanifolds are applied without any particular class of
supermanifold being specified; usually this does not matter, as only generic
features of supermanifolds are required; occasionally one kind of super-
manifold is specified, when in actual fact another kind is clearly implied.
In particular, it may be stated that the algebro-geometric approach is being
used when in fact some features of the concrete approach are involved.

Many supermanifolds — including all DeWitt supermanifolds — have as-
sociated with them in a natural way a conventional manifold, obtained by
dividing out the nilpotent part of the coordinates of each point in a manner
that is globally well defined; this manifold is known as the body of the super-
manifold, and the construction means that the body map €y, , : Rg"" — R™
induces a well defined map of the supermanifold onto its body. This con-
struction, which is the key to the relation of the concrete and algebro-
geometric approaches, is described in Section 5.4. The final section briefly
considers complex supermanifolds.

5.1 G* DeWitt supermanifolds

The supermanifolds constructed in this section may be considered to be
the standard supermanifolds used in most applications in this book. They
are modelled on the space Rg"" set up in Chapter 2, using the DeWitt
topology. Thus the basic idea is to mimic the standard definition of a
smooth manifold, with R"" replacing R™ and G* functions replacing C'>

functions.
Definition 5.1.1 Let M be a set, and let m and n be positive integers.

(a) An (m,n)-G* chart on M is a pair (V,1) where V is a subset of M
and ¢ is a bijective mapping of V' onto an open subset of RY"" (in the
DeWitt topology).
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(b) An (m,n)-G*° atlas on M is a collection of charts {(V,, s )|a € A}
such that

i. UQGAVQ - M
ii. for each «a, 3 in A such that V,, N Vg # 0 the map
Yooz (Vo NVs) = Ya(Va N Vp) (5.1)
is G*°.

(¢) An (m,n)-G* atlas {(Va,¥q)|a € A} on M which is not contained in
any other such atlas on M is called a complete (m,n)-G* atlas on M.

(d) An (m,n)-G* DeWitt supermanifold consists of a set M together with
a complete (m,n)-G*> atlas on M.

The maps ¢, are called coordinate maps and the sets V,, are called coor-
dinate neighbourhoods.

It is useful to note that, as with a C°° atlas in conventional differential
geometry [92], a (m,n)-G* atlas can be extended to a complete atlas in
a unique way. Thus to specify a supermanifold, it is sufficient to specify a
set M and an (m,n)-G* atlas on M.

Some examples of G*° DeWitt supermanifolds will now be given, begin-

ning with two standard, if trivial, examples which show that Rg"" and any
m,n

open subset V of Rg"" (in the DeWitt topology) can be given the structure
of an (m,n)-G* DeWitt supermanifold in a natural way.

Example 5.1.2 Let M = Rg"". Then (M,id) is a (m,n)-G*> chart on
M, and thus {(M,id)} is an (m,n)-G™ atlas on M.

Example 5.1.3 Let V be an open subset of R (in the DeWitt topol-
ogy). Then (V)1) (where ¢ denotes inclusion) is an (m,n)-G* chart on V
and {(V,¢)} is an (m,n)-G* atlas on V.

The next example gives the construction of real super projective space
SRP"™™. This is defined by putting an equivalence relation on the subset
U of R’;H’” whose body is non-zero.

Example 5.1.4 Let U C R’;H’” be the set (€y,41.,) H(R™TL — {0}).
(The map €41, : RETH" — R™+! is defined in Equation (3.8).) Also let
~ be the equivalence relation on U with (x;&) ~ (2/;¢’) if and only if there
exists an invertible even element ¢ of Rg such that

xt =l t1=1,...,m
& =g j=1,...,n. (5.2)
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Then SRP™™ = U/ ~ may be given the structure of an (m,n)-G* DeWitt
supermanifold by defining the following atlas. Fori =1,...,m + 1 let

Vi = {[(;9)]|(x:€) € U, e(a") # 0} (5.3)

(Here [(z; £)] denotes the equivalence class containing the point (z;¢).) Also
define

Y 1 Vi — R

2! i gl gl §n>

(5.4)

E,...,E,..., s ’E’.”7mi

[(z;6)] = (

(where the caret ~ denotes omission of the argument). The maps v; are
well defined, since if (x;€) ~ (z';¢') and €(z*) # 0, then

, s . i
i_ji:z_’z for 7=1,....m+1 and %:% for j=1,...,n.
(5.5)
Since the transition functions are clearly G*°, the space SRP™" has been
given the structure of a (m,n)-G*° DeWitt supermanifold.

While this construction of projective superspace is the natural analogue of
the standard construction of RP™, many of the standard constructions of
quotient and algebraic manifolds do not produce DeWitt supermanifolds.
For instance there is no nontrivial action of the additive group Z of integers
on Rg’l which acts properly discontinuously with respect to the DeWitt
topology, and so one cannot curl up the odd directions (or indeed the
nilpotent parts of the even directions) to obtain tori as one might expect.
Such constructions are possible when the finer topology is used, as is shown
in Example 5.3.2. Also subsets of RY"™ which obey quite simple algebraic
equations may fail to be supermanifolds. For instance the subset V of R?f
consisting of points (£1; £2) such that £1¢2 = 0 is not a supermanifold under
any definition. This is because of the algebraic properties of odd Grassmann
elements. Further examples of supermanifolds are given in Chapter 8, where
it is shown that all (m,n)-G* DeWitt supermanifolds may be constructed
from a vector bundle over a standard manifold. Other examples will occur
in later chapters.
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5.2 The topology of supermanifolds

In the previous section a G*° DeWitt supermanifold M with complete atlas
{(Va, ¥a)|r € A} was defined as a set with no a priori topology. However it
is easy to use the supermanifold structure to define a topology on M. The
idea is essentially to define the topology by requiring that each coordinate
map is a homeomorphism of the corresponding coordinate neighbourhood
onto its image. The following theorem shows how this may be done in a
unique way.

Theorem 5.2.1 Let M be a (m,n)-G* DeWitt supermanifold with com-
plete atlas {(Va, Yo )|a € A}. Let Tpewist be the collection of subsets of M
consisting of sets U C M such that, for all o € A, ¥, (U NV,) is open in
REY™ with the DeWitt topology. Then T'pewitt s a topology on M. (This
topology will be referred to as the DeWitt topology of the supermanifold M.)

The proof of this theorem is exactly as for classical manifolds. Because
the DeWitt topology of Rg"" is not Hausdorff, the DeWitt topology of a
supermanifold is also non-Hausdorff.

Now in fact it is possible to define other topologies on RE"", as de-
scribed in Chapter 3. In each case, these are finer topologies than the
DeWitt topology, and so allow a corresponding topology on M, so that the
coordinate maps are homeomorphisms of the coordinate neighbourhoods
onto their images with respect to the given topology on RY"™. A generic
construction is given in the following theorem.

Theorem 5.2.2  Suppose that T is a topology on RY"™ which is finer than
the DeWitt topology. Let M be a (m,n)-G* DeWitt supermanifold with
complete atlas {(Vo,¥a)|a € A}. Let T'r be the collection of subsets of M
consisting of sets U C M such that for all « € A Yo (U NV,,) is open in
R¢"™ with the topology T. Then Tt is a topology on M. (This topology
will be referred to as the T topology of the supermanifold M.)

Again the proof of this theorem is exactly as in the classical case.

It is occasionally useful to observe that a smooth supermanifold mod-
elled on Rgl[g] (in the manner described in the following section) can be
given the structure of a 2L~ (m + n)-dimensional C* manifold. This man-

ifold will be referred to as the fine structure manifold of M.
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5.3 More general supermanifolds

In the literature there are a large number of different definitions of super-
manifold. The purpose of this section is to describe many of these defi-
nitions, and to relate them to one another. The closely related algebro-
geometric approach to supermanifolds, where algebras (generalising the
function algebras on a smooth manifold) are the primary objects, are de-
scribed in Chapter 7, while in Chapter 8 the relationship between the con-
crete and algebro-geometric approach is described. These more general
structures are largely included for completeness; however supermanifolds
modelled on finite-dimensional Grassmann algebras also provide useful step-
ping stones in some proofs relating to the standard DeWitt supermanifolds
of section Section 5.1.

The key Definition 5.3.1 defines a generic supermanifold; the essential
ingredients are the superspace, the topology on the superspace, and the
class of allowed transition functions on overlapping coordinate systems; the
first part of Definition 5.3.1 systemises these features, while the second part
specifies the properties of the atlas required to give a set the corresponding
supermanifold structure.

Definition 5.3.1

(a) Let A™™ be an (m,n)-dimensional superspace. Let 7 be a topology
on A™". Also, following [92], suppose that F is a collection of maps f
with the following properties.

(i) Each f in F is a homeomorphism whose domain and range are

both open sets in A™™,

(ii) If a map f is in F, then the restriction of f to any open subset of
its domain is also in F.

(iii) If f is a mapping with domain U = U;c;U;, and the restriction of
f toeach Ui € Iisin F, then f isin F.

(iv) If U is open in A™" then idy, the identity map on U, is in F.

(v) If f is in F then its inverse f~! is also in F.

(vi) If f, f" are in F, and f has domain U, range V while f’ has domain
U’ and range V', and W = V NU’ is not empty, then f’o f| -1 (w)
is in F with domain f~1(W) and range f'(W).

Such a family F is said to be a pseudogroup of transformations of

(A™™ T).

(b) Let M be a set
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(i) An (A™",T,F)-chart on M is a pair (V,9) where V is a subset
of M and ¢ is a bijective mapping of V onto an open subset of
A'm.,n.

(i) An (A™" T ,F)-atlas on M is a collection of charts
{(Va, Yo )|x € A} such that

A. UaEAVa == M
B. for each «, 8 in A such that V, N V3 # () the map

Yo 05" 1 Ys(Va NVs) = Ya(Va NVp) (5.6)
isin F.

(i) An (A™" T,F) atlas {(Va,%a)la € A} on M which is not
contained in any other such atlas on M is called a complete
(A™"™ T F) atlas on M.

(iv) An (A™"™ T,F) supermanifold consists of a set M together with
a complete (A™" T F) atlas on M.

The maps 1, are called coordinate maps and the sets V, are called
coordinate neighbourhoods.

It may be checked that the collection G*° of maps f which are G* bijec-
tive maps of between open subsets of R (with the DeWitt topology)
onto another such set does form a pseudogroup of transformations of Rg""
(with the DeWitt topology). Thus the (m,n)-G*>° DeWitt supermamfoldb
of section 2 are a special case of the definition given, specifically they are
(R, DeWitt, G>). Other possible classes of smooth supermanifold in-
clude (Rg"",7T,G>), (Rm[’L"],FDV&GOO) (Rmél DeWitt, G*°) (with L >

n), (Rgl[g FDVS,GH®°) (withL > 2n) and (R S[g DeWitt , H>*). (Here
FDVS denotes the usual topology on a finite-dimensional vector space.)
There are also complex supermanifolds, as described in Section 5.5. Exam-
ples of supermanifolds of this more general kind include those of Jadczyk
and Pilch [84].

By using a finer topological vector space topology the class of possible
supermanifolds increases; for instance, as the following examples show, it
is possible to find non-trivial actions of discrete groups acting on Rg"" in
such a way that the quotient space has a supermanifold structure which is
not DeWitt, involving some compactification in odd or nilpotent directions.

Example 5.3.2 The space S' x S' can be given the structure of a
(]Rls’[ll] , FDV S, G*) supermanifold in the following way: regarding S* x S!
as R?/R, where R is the equivalence relation which identifies (z,y) and
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(2',y') if an only if z — 2’ and y — ¢’ are integers, let (z,y) denote the
equivalence class containing the element (x,7) of R?. A collection of charts
{(Ua, Vo) =1,...,4} on St x St is defined by

U ={Gyli<e<ii<y<i]

@yl <o<i-f<y<i}

2 2 2 2
m,y)l—g<x<g,—g<y<g}

—~

S
Il
A
—

syl -3<a<ii<y<i (1)
together with

1,1 _
¢a1Ua—’RS[1] a=1,...,4,

(xvy) = (zlﬂyﬂ[l])v a = 17 s 74' (58)

In each case 9,(U,) is open in R}g’[ll] with the finite-dimensional vector
space (FDVS) topology, but not the coarser DeWitt topology. A typical
transition function is

Yooty {(=lyf))t <z < i i<y<i}
U{@Lybn)lt <o <2 2<y<i}
= {@Lyb)lz <z <355 <y<3}
U{(zl,yB1)t <z <i,-%i<y<-i}
where
(2:6) = (2:€) if (2:€) € {(el,yB))lg <z < 5.5 <y <3}
and (2;8) = (2:6 = Bp1)) if (2:€) € {(el,yB))lg <z < 5.3 <y<g}.

(5.9)

This transition function ( and the other 1, 013~1) are clearly G*, so that
the set of charts provides an atlas on S* x S'.

The following example is of a supermanifold which is compact, and has non-
Abelian fundamental group. It is constructed as the quotient of a super Lie
group (c.f. Chapter 9) very much as an Iwasawa manifold is constructed
from C? as in [30].
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Example 5.3.3  First suppose ]Rls’fl] is identified with the set G of 3 x 3

matrices of the form

51
52

1
0
0 1

S = 8

Noting that G forms a non-Abelian group under multiplication, let D be
the subgroup of G consisting of matrices where

r =ml, §1znlﬁ[1} and fzzngﬁ[l] (5.10)

with m, n; and ny all integers. Then the quotient space G/D of left cosets
of D in G can be given the structure of a (R}gﬁ} ,F'DV S, G*°) supermanifold.
Details may be found in [119].

Other examples of quotient spaces which are supermanifolds when a fine
topology is used (but not with the DeWitt topology) occur in the theory
of super Riemann surfaces, as is explained in Chapter 14. Further consid-
eration of non-DeWitt supermanifolds may be found in the work of Crane
and Rabin [35, 36].

At the other end of the spectrum, the class of (RY"", DeWitt, H*)
supermanifolds is more restricted than that of (m,n)-G* DeWitt super-
manifolds. However, as is shown in Chapter 8, using a simple extension of
a result due to Batchelor [11], any (R"", DeWitt, G*) supermanifold may
in fact be given the structure of an (RE"", DeWitt, H>) supermanifold,
although not in a canonical way.

5.4 The body of a supermanifold

Every DeWitt supermanifold M of dimension (m,n) can be seen to have
an underlying m-dimensional conventional manifold Mg associated with
it, known as the body of the supermanifold. Many non-DeWitt superman-
ifolds also have bodies. The body of a supermanifold plays an important
role in the analysis of the structure of supermanifolds, and of the spaces of
supersmooth functions one can define on a supermanifold and considerable
use is made in the following chapters of the concept of the body of a su-
permanifold. The construction is given in the following theorem, the basic
idea being due to DeWitt [43], with the first formal definition having been
given by Batchelor [11].
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Theorem 5.4.1 Let M be a (Rg"", DeWitt, G*°) supermanifold with at-
las {(Va,Yo)|a € A}. Then

(a) the relation ~ defined on M by p ~ q if and only if there exists « € A
such that both p and q lie in V, and

€m.n(Va(p)) = em,nw}a(Q)) (5.11)

is an equivalence relation.
(b) The space Mgy = M/ ~ has the structure of an m-dimensional C>
manifold with atlas {(Vigja, Ygja)|e € A}, where

Vioja = {[pllp € Va}
Ygja : Vigja — R™
[p] — €m,n O ’@[Ja(p)' (512)

(Here square brackets [| denote equivalence classes in M under ~.)

The manifold M/ ~ ‘s called the body of M and denoted Mig. The
canonical projection of M onto Mg, is denoted by e.

Proof

(a) That the relation ~ is reflexive and symmetric follows directly from the
definition. To show that it is transitive, suppose that p ~ ¢ and g ~ r.
Then there must exist & and 3 in A such that p and ¢ are in V,,, ¢ and r
are in Vg, €m.n (Ya(p)) = €mn (Ya(q)) and emn (¥5(q)) = €mn (¥a(r)).
Now, since ¢ lies in V, N V3, 9¥g(q) lies in 5(Vy N V3). However
€mn(V3(q)) = €mn(¥s(r)), and thus, since ¥(V, NVp) is open in RY""
in the DeWitt topology, ¥3(q) must also lie in ¢g(Vy N V3). Thus
(since % is injective) r must lie in V,,. Now, since ¢, o wgl is G*,
€mn(Palq) = €man(Pa o 1/)51 0 Y5(q)) = €mn(Ya o ¢El o 1hs(r)) =
€mn(¥a(r)). Thus ~ is transitive.

(b) Clearly

UneaVa = M/ ~. (5.13)

Also it follows from the definition of ~ that the maps g are well
defined and injective. The image of Yjpa 1S €m,n(¥a(Va)), which is
open in R™ since 1, (V,) is open in R with the DeWitt topology.
The Grassmann analytic continuation of Theorem 4.2.4 shows that if f
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is a G map of an open subset U of Rig"" into RY"", then €, no|c,. . (1)
is a C° map of €y, (U) into R™. Thus the map

1’/)[0]0‘ ° ¢[®]El : 67n,ﬂ(¢5(V04 N Vﬂ)) - 6m,n(¢a(va N Vﬁ)) (514)
is C'*°. This completes the proof.

This theorem remains true for more general supermanifolds based on
the DeWitt topology. The proof makes use of the fact that if a point p lies
in an open subset U of the superspace, then so does any other point g with
the same body as p. This is true for the DeWitt topology, but not for finer
topologies.

Because of the restrictive nature of the DeWitt topology, certain aspects
of a supermanifold are determined by its body. For instance, a superman-
ifold is compact if its body is compact, and simply connected if its body
is simply connected, while the fundamental group of a supermanifold is
simply the fundamental group of its body.

5.5 Complex supermanifolds

The general formalism described in Section 5.3 includes complex superman-
ifolds, that is, supermanifolds modelled locally on C¢"". In the complex
case the particular class of supermanifold usually used are the analytic De-
Witt supermanifolds, or (CZ"", DeWitt, GC¥) supermanifolds. Although
such supermanifolds are subsumed in the general definition Definition 5.3.1
they are sufficiently important for their definition to be given explicitly

here.
Definition 5.5.1 Let M be a set, and let m and n be positive integers.
(a) An (m,n) GC¥ chart on M is a pair (V, ) where V is a subset of M

and 1) is a bijective mapping of V" onto an open subset of C¢"" (in the
DeWitt topology).
(b) An (m,n) GC¥ atlas on M is a collection of charts {(Va,¥a)la € A}

such that

i. UaEAVa = M
ii. for each a, 8 in A such that V, N V3 # 0 the map

Yo © %—1 : ¢6(Va N Vﬁ) - ¢a(Va N Vﬁ) (5'15)
is GC¥.
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(¢) An (m,n) GC¥ atlas {(Va,%a)|a € A} on M which is not contained
in any other such atlas on M is called a complete (m,n) GC* atlas on
M.

(d) An (m,n) GC¥ DeWitt supermanifold consists of a set M together
with a complete (m,n) GC¥ atlas on M.

Of course CZ"" is itself such a supermanifold, as is any open subset
of C{"". Less trivial examples are provided by super complex projec-
tive spaces SCP"™"™*  which are defined very much as SRP"™" (c.f. Ex-
ample 5.1.4), and by the super Grassmannians and flag manifolds. A par-
ticular class of (1, 1)-dimensional complex supermanifold known as a super
Riemann surface is described in Chapter 14.



Chapter 6

Functions and vector fields

This chapter lays the foundations of differential geometry on supermani-
folds by introducing the concept of a supersmooth or G* function on a
supermanifold.

The algebraic structure of the set G*°(U) of G*° functions on an open
subset U of a supermanifold is considered; globally it is shown to take the
form of a super Rg-module, while locally (when U is a coordinate neigh-
bourhood) further structure is found which relates directly to the notion
of algebro-geometric supermanifold. Other spaces of functions, such as
H®(U), are also considered.

Having considered G*° Rg-valued functions of a supermanifold, the no-
tion of a G*° mapping between supermanifolds is developed, and also the
key concept of superdiffeomorphism. Odd and even curves are defined, as
well as the notion of super curve, which is required to give useful integral
curves of odd vector fields.

The next step is to define tangent vectors; as in the classical case, this
may be done either algebraically or more geometrically, using curves. Vector
fields are then introduced; these may be considered either as tangent vectors
varying in a G*° manner from point to point, or as derivations of the module
G>=(U); it is shown that the set D(U) of vector fields on U has the structure
of a super Lie module over G*°(U); additionally, when U is a coordinate
neighbourhood then D(U) is a free module, with super basis the coordinate
derivatives.

In the final section induced maps of tangent vectors are defined. This
allows a definition of integral curve of a vector field. In the case of even
vector fields, one parameter groups of transformations exist which induce
a vector field very much as in the classical case. For odd vector fields the
situation is rather different, it will be essential in applications to Lie groups
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to use the (1,1)-parameter super curves whose existence is demonstrated
in Theorem 6.5.9. This difference arises because it is possible for the super
commutator of an odd vector field with itself to be non-zero.

It is useful to establish notation for the chapter from the outset:
M will denote a (RZ"",DeWitt, G>) supermanifold with G*° structure
{(Va,%a)|la € A}. For i=1,...,m, x', denotes the i*" even coordinate
function ¢!, on V,, and, for j =0,...,n, & denotes the j** odd coordinate
function ¢™m+J.

6.1 G*°° functions on supermanifolds

An (m,n)-dimensional supermanifold is modelled locally on the space R"",
and thus functions on supermanifolds inherit from this space a natural
notion of superdifferentiability:

Definition 6.1.1  Let U be an open subset of M. Then

(a) a function f: U — Rg is said to be G* on U if, for each « in A such
that U NV, # (), the function

font : a(UNVa) — Ry (6.1)

is G*°.

(b) The set of G*™ functions on U is denoted G*(U).

(c) The function fob 1 : 4, (UNV,) — Rg is called the local representative
of f in the coordinate neighbourhood V.

(d) If pis a point in M, then G*°(p) denotes the set of Rg-valued functions
which are G*° on some neighbourhood of p.

Because of the compatibility condition between coordinate maps v, and
13 on overlapping coordinate neighbourhoods V,, and V3, it is sufficient to
check the condition (6.1) for every chart in some atlas on M compatible
with the G*° structure on M; the chain rule Theorem 4.4.2 then ensures
that the condition must hold in every chart in the G*° structure.

A number of algebraic properties of the space of G*° functions on an
open subset of RY"™ were established in Theorem 4.4.1; these lead directly
to a similar set of algebraic properties for the set of functions G*° (U), which
are summarised in the following theorem.

Theorem 6.1.2  With the notation of Definition 6.1.1,
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(a) the set G (U) is a super Rg-module with the product of an element f
of G (U) by an element b of Rg defined by

(0f)(p) = b(f(p)) (6.2)

forallp inU;
(b) the super Rg-module G*(U) is also an algebra with product defined
pointwise, that is,

fa(p) = f(P)g(p) (6.3)
forallp in U.

Proof This theorem is proved by applying Theorem 4.4.1 to the local rep-
resentatives of the functions in G*°(U). [

On a coordinate neighbourhood U it is possible to give a more complete
characterisation of the algebra G*°(U). Suppose that f is in G*°(U) and
that 1 is the coordinate function on U; then fow ! is G* and so (by Defi-
nition 4.3.1) there exist, for u € M, functions fa, in C*°(€m n(Y(U)), Rs)
such that -

Forv ™ ym = D Fauly)n™ (6.4)
HEM,

(Here " represents the Grassmann analytic continuation of Definition 4.2.2.)
Thus

F=3 fuet (6.5)
neEMny

where

f}L:fozﬁowoz; (6.6)
which gives immediately the following proposition:

Proposition 6.1.3 Suppose that U is a coordinate neighbourhood
of the supermanifold M.  Then the super Rg-modules G*(U) and
C*®(emn(U),Rg) ® A(R™) are isomorphic.

Here the tensor product is simply a tensor product of an infinite-dimensional
vector space with a finite-dimensional vector space, with no topology
implied.
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On other types of supermanifolds it will generally be a different class
of function which plays the role of G* functions on (RE"", DeWitt, G*)
supermanifolds. For instance, on an (Rg"", DeWitt, H>) supermanifold,
there is a well-defined class of H*° functions defined via local represen-
tatives in a similar manner. The function rings H*(U) are not super
Rg-modules, but merely real vector spaces. As will emerge in Chapter 8,
these function rings correspond to the algebras which arise in the algebro-
geometric approach to supermanifolds.

A useful example of a collection of G* functions is provided by the
existence of partitions of unity.

Theorem 6.1.4  Suppose that M is a supermanifold with compact body.
Let {Uylae €T} be an open cover of the supermanifold M such that the
closure U, (0] of the body of each Uy, is compact. Then there exist a functions
Jo, @ € I' in G (M) such that the support of each g, is contained in U,
and has compact body, and also

> ga=1. (6.7)

acl

(The collection of functions {go|o € T'} is called a partition of unity sub-
ordinate to to the cover {Uy|a €T'}.)

Proof First assume that each U, is a coordinate neighbourhood with
corresponding coordinate function ¢,. Let {f,|a € T'} be a partition of
unity on Mg subordinate to the cover {Uqyg|ew € I'}. (Such a partition of
unity exists since My is paracompact.) Then functions g, defined by

9o 0 V3 (Ui 1) = (fa © Pa ) (Y) (6.8)

satisfy the conditions of the theorem. Since every open cover of M has a
locally finite refinement by coordinate neighbourhoods, the theorem is true
for any open cover. [ |
It will now be shown that any G°° function on an open subset can be
extended (not in general uniquely) to a larger domain. The DeWitt topol-
ogy allows such an extension theorem despite the considerable rigidity of
functions in nilpotent directions.

Lemma 6.1.5 Let V and U be open in M with U C V. Then, given f
in G™®(U), there exists a function f:V — Rg which is G and satisfies

fl, = (6.9)
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Proof Suppose that V' = J,cp Ua, where each U, is a coordinate neigh-
bourhood. Also let g, be a partition of unity subordinate to the cover
{Uq} of V. Then for each o € A such that U N U, is not empty there exist
functions fo, u € M, in C*(Ujg) N Uqjg)) such that

flonv. =Y Foulh. (6.10)

HEMn,

Let fau denote a C*° extension fo, to Usg). For those a in A where U,
does not intersect with U each fq, is defined to be zero. Then the function

f:V—ﬂRSWith

F=S S gafuuth (6.11)

aEN peM,

is in G*°(V) and is equal to f when restricted to U.

6.2 Functions between supermanifolds

In the preceding section G*° functions of a supermanifold M into Rg have
been defined. In this section the notion of a G*° function between su-
permanifolds is considered; before this the slightly simpler notion of G*°
M-valued functions on Rg” is described; useful examples of such functions
include super curves on a supermanifold.

Definition 6.2.1  Let U be an open subset of Rg® where r and s are
non-negative integers and let f : U — M. Then f is said to be G* on U if
for each v in A such that f(U)NV,, # 0 the function ¢no0 f : UNf~1(V,) —
R?’n is G*°.

This definition makes sense because ¥, o f is a mapping of an open subset
of Rg” into RY"™, and thus Definition 4.3.2 can be applied. Particular
examples of such maps are curves, which fall into three classes, even curves,
odd curves and super curves. An even curve has domain contained in R}g’o,
an odd curve has domain Rg’l and a super curve has domain contained in
Ry

Definition 6.2.2 Let A be an open interval in R containing 0.

(a) A G* map c of (e10)"1(A) into M is said to be a even curve on M.
If p is a point in M, the curve c is said to be based at p if ¢(0) = p.
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(b) A G* map v of (€p,1) 1 (A) into M is said to be a odd curve on M. If
p is a point in M, the curve  is said to be based at p if v(0) = p.

(¢) A G* map of (e1,1) "' (A) into M is said to be a super curve on M. If
p is a point in M, the super curve C' on M is said to be based at p if
C(0;0) = p.

It will be seen in the next section that curves and super curves will provide
one approach to the tangent space of a supermanifold. The reason for
considering super curves rather than simply curves depending on a single
odd variable is related to the fact that the set of operators exp Q7 with
Q a fixed odd vector field and 7 varying in Rg; does not form a group if
[Q, Q] # 0; this is important when considering the exponential map of a
super Lie group as in Section 9.6.

Suppose now that NV is a (Rg”, DeWitt, G*°) supermanifold with atlas
{(Ug, ¢3),|8 € T'}. Then it is possible to use the coordinate systems on M
and NV to define the notion of a G* map between these two supermanifolds.

Definition 6.2.3  Suppose that f : M — N. Then, if for all pairs a, 3
with o € A and 3 € T such that V, N f~1(Ug) # 0 the function

$p oty Pa(Va N f1(Up)) — ¢5(Us) (6.12)
is G*°, then f is said to be G*°.

A G* map between supermanifolds is, if one takes a categorical point
of view, the appropriate type of mapping to give a morphism between
supermanifolds. In particular, it follows form the chain rule Theorem 4.4.2
that the composition of two G°° maps between supermanifolds is also G°.
When there exists a G*° map between two supermanifolds which is bijective
and has G*° inverse the two supermanifolds are equivalent, as is formalised
in the concept of superdiffeomorphism:

Definition 6.2.4 If f : M — N is bijective, and both f and its inverse
are G, then f is said to be a superdiffeomorphism and M is said to be
superdiffeomorphic to .

As one might expect, the relationship of superdiffeomorphism of superman-
ifolds is an equivalence relation, and classification of supermanifolds is car-
ried out up to superdiffeomorphism. Also the set of superdiffeomorphisms
of a supermanifold with itself forms a group under the composition of func-
tions, known as the superdiffeomorphism group of M, and abbreviated to

Sdiff (M).
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6.3 Tangent vectors

Tangent vectors at individual points in a supermanifold will now be defined,
and then the concept of a vector field as a collection of tangent vectors will
be developed. Two approaches to the concept of a tangent vector will be
considered; one involves the action of a tangent vector on a function, and
the other considers equivalence classes of super curves.

Definition 6.3.1 A tangent vector Y, at a point p in a supermanifold
M is a super Rg-module morphism
Y, : G*(p) — Rg
f—=Y,f (6.13)
such that for all f, g in G*(p),

Y,(f9) =Y, 90) + D)V (p)Yg. (6.14)
and for all constant functions B in G*(p)
Y,B =0. (6.15)
The set of tangent vectors to M at p is denoted T, M.

The simplest example of a tangent vector are the coordinate derivatives

g—:i and gToj , with respect to a specified set of coordinates (x; &) about
p p

the point p. These will now be defined, and it will then be shown that

the set T, M of tangent vectors at p is a free super Rg-module with the

coordinate derivatives forming a super basis.

Definition 6.3.2  Let p be a point in M, and let (V,,,1,) be a chart
about p, with corresponding local coordinate functions (z;£). Then coor-

dinate derivatives g—; , g—; are defined by
p p
oF oo
oxt » e (p) —Rs
3E E 1 .
@ =9 (fow )(¢(p)) i=1,...,m
P
80
—| : G®(p) — Ry
&I »
a° 0 -1 :
55| £ =W G, (6.16)
p
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Also, where the Grassmann parity of the coordinate in question is unspec-
ified, one may have

35

Xk : G™(p) — Rg

N oo )W) k=l....mtn (617
Xk k e

In the following proposition it is shown that each of these coordinate deriva-
tives is a tangent vector.

Proposition 6.3.3 Each of the even coordinate derivatives

aE
W ,7; = 17 o,
Tlp
is an even tangent vector at p, and each of the odd coordinate derivatives
a9 .
— ,7=0,....n
o8 |,

is an odd tangent vector at p.

Proof The three necessary properties of the coordinate derivatives may
immediately be deduced from Theorem 4.4.1, which establishes the linear-
ity of odd and even derivatives, and also the super Leibniz property, for
functions on Rg"". [ |

The next theorem establishes the key feature of the set of tangent vec-
tors at a point; in the case of conventional manifolds, the set of tangent
vectors forms a vector space of the same dimension as the manifold. The
corresponding result for a supermanifold is that the set of tangent vec-
tors at a point form a free super Rg-module of the same dimension as the
supermanifold. The set T, M is thus known as the tangent module.

Theorem 6.3.4 The set T,M of tangent vectors to M at p has the
structure of a free (m,n)-dimensional super Rg-module with multiplication
by elements of Rg defined by

(BY )p(f) = B(Y,.f) (6.18)
for all B in Rg, Y in T,M and f in G™(p), and addition defined by
Yo +Zp)f =Yof + Zpf . (6.19)
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E

) o o . .
Also the coordinate derivatives % , g—gj yvi=1,....m,j=0,...,n
P P

form a super basis of this module, and, if Y, is an element of T, M, then

E

m ; a
=2 % g
=1

In order to prove this theorem, a Lemma is required, adapted from [72].

+ Z Y,& 8—@ (6.20)

Lemma 6.3.5 Let f be a function in G™(p). Then there exists a
neighbourhood U of p contained in the domain of f and m + n functions
fi:U—-Rg, k=1,...,m+n, such that, for all q € U,

flo)=flp)+ ) (a'(q) — 2 )+ > (¢ ) fiem(q) (6.21)
i=1 j=1
and
g; pf: filp) fori=1,...,m
80
067 . = fiym(p) for j=0,...,n. (6.22)

Proof Let U be a coordinate neighbourhood of p which is contained in the
domain of f, and let ¥ be the corresponding coordinate function. Also, let

(a;) = ¢(p) and (b; 3) = ¢(q). Then

f(a) = f(p)

= fo (bt .. 0™ 8L, 8" — fou T ah b2, 0™ B L B
e
+foyp Ha',...,a™at, ... a" L B = foy T ... ,a™alt, ... ")

m 1 ) )
=Y [
i=1"0
x0F f(at,...,a" "t at + t(b" —a®), b e B L AT dt
noo1
+Z/ (8" —
j=1"0

x 0% (a,...,a™;al,. . ot o Ht(BY —af), g pT)dt
(6.23)
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Thus
fla) = f(p) = Z(mi(Q) —z'(p)) filg) + Z(fj(Q) — &) fi+mlq) (6.24)
where for i =1,...,m,

1
fi(q)z/ OF flat,...,a" ta' +¢(b" —a®), b, 0™ B L B)dE
0
(6.25)
and for j =0,...,n,

fj+m (Q)

1
= / 8jof(a1, na™al, o ot (B - af), gL ) dt .
0
(6.26)
Thus f(g) can be expressed in the required form, and explicit calculation

shows that Equation (6.22) holds. [ |

Proof of Theorem 6.3.4 It follows immediately from the definition of
addition and scalar multiplication for tangent vectors that 7, M is a super
Rg-module. Since

0’ ; y
P
the tangent vectors % ,k=1,...,m 4+ n are linearly independent. Now

suppose that f is a function in G*°(p). Then, expressing f as in the previous
lemma, and applying the Leibniz rule for tangent vectors,

8E n 30
o7

fHYYE %

P j=1

f (6.28)

7
z p

Y,,f:imi
i=1

which shows that T),M is a free super Rg-module of dimension (m,n) with
the required super basis, and also that the coefficients in the expansion of
Y, in terms of this basis have the required values. u

An alternative approach to the tangent space is to consider equivalence
classes of curves. This may be done by using even curves for even tangent
vectors and odd curves for odd tangent vectors very much as in the classical
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setting. A further possibility, which is important when extending these
ideas to vector fields, is to use super curves. Two equivalence relations,
denoted ~g and ~¢p, may be put on the set of super curves on M based at
a point p. Letting (¢;7) denote local coordinates on R}g’l, which contains
the domain of any super curve, the first equivalence relation is defined by
the condition

C1 ~g Cs if and only if
oF oF
27 [0 C)(0;0) = —(f 0 C)(0;0) for all f € GZ(p). (6.29)
If [C)g denotes the equivalence class of the curve C' under ~g, one may
regard [C]g as a map of G*(p) into Rg with
aE
(Clp(f) = S-(f 0 O)0:0) (6.30)
It follows from the properties of the derivative %—f (Theorem 4.4.1) that
[C]E defines an even tangent vector at p.
The second equivalence relation (which leads to odd tangent vectors)
involves the super derivative Dy for G functions on Rg’l, which is defined
by

oF a9
It may easily verified that
8E
2 _ -
Di = TR (6.32)

which is useful when considering the semigroups generated by odd vector
fields.
The equivalence relation ~¢ is defined by

C1 ~o Cs if and only if
Dr(f o C1)(0;0) = Dr(foCs)(0;0) forall feG™=(p). (6.33)

In this case, if [C]o denotes the equivalence class of the curve C' under ~¢,
one may regard [Clo as a map of G*°(p) into Rg with

[Clo(f) = Dr(f o C)(0;0). (6.34)

One then finds that [Clo is an odd tangent vector.
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Conversely, any even tangent vector Y}, with local coordinate expansion

Y, = Y* , YI — .
g ; xal + Z a zi (6.35)
is ‘even tangent’ to some curve C' on M based at p with
YF o Ot 1) = ¥ (p) + tY*. (6.36)

Similarly an odd tangent vector =, is ‘odd tangent’ to the super curve C'
on M based at p with

Yo Ctyr) =v*(p) + 72, k=1,....m+n. (6.37)
This establishes the following theorem:

Theorem 6.3.6 The even part of the tangent space at p is in one-to-one
correspondence with the ~g equivalence classes of super curves on M based
at p. The odd part of the tangent space at p is in one-to-one correspondence
with the ~o equivalence classes of super curves on M based at p.

6.4 Vector fields

As with conventional manifolds, there are two equivalent approaches to the
concept of vector field. One may either define a vector field on an open
subset U of the supermanifold M to be a collection of tangent vectors, one
for each point in U, varying smoothly as one moves about U, or as a super
derivation of the super Rg-module G*(U).

Definition 6.4.1 A wvector field on an open subset U of the superman-
ifold M is a collection Y of tangent vectors {Y,|p € U} such that for each
function f in G*°(U) the function Y f : U — Rg defined by

Yip)=Ypf (6.38)
is also G*°. The set of vector fields on U is denoted D(U).

It follows directly from this definition that a vector field Y defines a map-
ping of G*(U) into itself. Examples of vector fields are provided by the
coordinate derivatives. A vector field Y on U is said to be even if Y}, is even
for each point p in U, and odd if each Y, is odd.

Lemma 6.4.2  Suppose that U is a coordinate neighbourhood in M, with
corresponding coordinate function ¢. Fori=1,...,m let 2 5.7 denote the
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collection of tangent vectors {g—;

|p€U}. Also, for j=0,...,n, let
p

g—; denote the collection of tangent vectors {g—gj

|p € U}. Then each
P

9" and 22 is a vector field on U.

ozt €I
Proof Let f be a function in G*°(U). Then
O F=0F(fou oy (6.3
gri’ T '
which is G* since fo~!is G*. Thus g—:i is a vector field on U. Similarly
g—; is a vector field. |

Various properties of vector fields will now be established.
Theorem 6.4.3

(a) D(U) is a super G (U) module with multiplication of a vector field Y
by a function g defined by

@Y )p=9®)Yp- (6.40)

(b) Any elementY of D(U) defines a super derivation of G=(U).
(¢) D(U) is a super Lie Rg-module, with bracket operation defined by

(2,Y]=2Y — (-1)#Vlyz (6.41)

for each pair of vector fields Z and Y .

(d) If U is a coordinate neighbourhood then D(U) is a free super
G>(U) module of dimension (m,n) and the coordinate derivatives
g—;,i =1,...,m, %,j =0,...,n form a super basis of D(U). Also, if
Y e D(U),

Y=>"val 4 PRES iy (6.42)
i=1 ot j=1 ¢/

Proof
(a) Suppose that f, g are in G*®(U) and Y € D(U). Then
(GY)f=gYf (6.43)

and thus (since G (U) is closed under multiplication by Theorem 6.1.2)
(gY)f is G* and thus ¢gY is a vector field. Suppose that h is also in
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G(U). Then

Yy
= ((hg)Y)p. (6.44)
Thus D(U) is a G*°(U) module. Also,

1(gY)pfl = lg(0)] + Yo fl,
l(gY)fl =19l + Y f] (6.45)

and thus D(U) is a super G*°(U) module.

(b) This result follows immediately from the Leibniz property of tangent
vectors.

(¢) It may be verified by explicit calculation that the super commutator
[Z,Y] of two vector fields Z and Y is also a vector field, with | [Z,Y] | =
|Z| 4+ |Y]. The super antisymmetry and Jacobi identities may also be
verified by explicit calculation.

(d) This result follows from Theorem 6.3.4.

The alternative approach to vector fields, which involves derivations,
will now be considered. Letting Der(U) denote the set of super derivations
of the super Rg-module G*°(U), it may be recalled from Proposition 2.4.4
that Der(U) is a super Lie Rg-module. In order to establish that Der(U)
and D(U) are isomorphic (both as super G°°(U)-modules and as super Lie
Rg-modules), it must first be shown that a derivation on G*°(U) defines
a unique derivation on G*°(V') when V is an open subset of U. This is
not trivial because a function in G*°(V') does not have a unique extension
to a functions in G*°(U), although Lemma 6.1.5 ensures that an extension
exists.

Lemma 6.4.4 Suppose that P is in Der(U) and that V is an open sub-
set of U. Then there is a derivation P|,, in Der(V') (which is called the
restriction of P to V') defined by

Pl, f= va (6.46)

where [ is in G*(V) and f is some G extension of f to U.
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Proof It is sufficient to show that the action of P|,, is independent of
the choice of extension f of f, since P|,, will then acquire the necessary
features of a derivation from P.

Suppose that f; and f, are two (possibly different) extensions of f to
U. Also suppose that p is a point in V and g is an even function in G*(U)
such that g(p) is not zero but ¢ is zero on the complement of V in U.
(The existence of such a function can be deduced from the existence of
partitions of unity, or demonstrated directly by arguments similar to those
in the proof of Theorem 6.1.4.) Then, since P is a super derivation,

P(g(fi — f2))(0) = P(9)(0)(f1(p) — f2(p)) + g(0)P(f1 — f2)(p). (6.47)

Hence, since g(fl — fg) is identically zero, fi (p) = fg(p) and g¢(p) is not
Z€ero,

P(fi - f2)(p) = 0. (6.48)

Since p is an arbitrary point in V|
P(f1— f2) v 0, (6.49)
and so P|y, is well defined. [ |

It will now be shown that the super G*°(U)-modules D(U) and Der(U)
are isomorphic, and so a vector field can alternatively be defined as a super
derivation.

Theorem 6.4.5 The super G*(U)-modules Der(U) and D(U) are iso-
morphic. They are also isomorphic as super Lie Rg-modules.

Proof Define the map ¢ : D(U) — Der(U) to be inclusion. (This is
possible since any Y in D(U) defines a super derivation of G (U) by Theo-
rem 6.4.3.) Then explicit calculation shows that ¢ defines a homomorphism
of both super G°°(U)-modules and super Lie Rg-modules. Also define
k: Der(U) — D(U) by setting

(r(P)), ' = Ply, F(p) (6.50)

when F is a function in G*°(p), and V is its domain. Then « is the inverse
of ¢, and so ¢ must be an isomorphism. |
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6.5 Induced maps and integral curves

Corresponding to any G°° map between supermanifolds there are induced
maps of tangent spaces, exactly as on classical manifolds. For completeness,
the appropriate definition will be given.

Definition 6.5.1 Suppose that f is a G map of a supermanifold M
into a supermanifold A, and that p is a point in M. Then the induced
map fy : TpM — Ty N is defined by

fe(Yp)(9) = Yp(go f) (6.51)
for every g in G*=(f(p)).

This definition allows the notion of an immersion as a mapping f : M — N
which induces an injective map f, : T,M — Tf(p)J\/ at every point p of M.
If f itself is injective then the immersion is said to be an embedding. An
application of superembeddings in supersymmetric physics is described in
Section 13.3.

Examples of induced maps occur in the two equivalence relations defined
above on the space of super curves. If C; and C5 are super curves on M,
then C; ~g C5 if and only if

o (2) e (2) o2

and C; ~p Cs if and only if

oF o° oF o°

The notion of induced map leads naturally to the question of integral
curves; analogues of the classical theory of integral curves on manifolds are
obtained if super curves are used in the following manner. (At this stage
super curves simply allow a unified picture. It will be seen below that they
are required to give an analogue of one parameter groups of transforma-
tions corresponding to an odd vector field; also when super Lie groups are
considered in Chapter 9 super curves will be necessary for consideration of
the semigroup generated by an odd Lie algebra element.)

Definition 6.5.2 Let Y be an even vector field on a supermanifold M
and p be a point in M. Then the super curve C : (€11) 1 (4) — M (with
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A an open interval in the real line) is said to be an integral curve of Y

based at p if
8E
* —_— = Y T . 4
C 8t i C(t, ) (6 5 )

for all (¢;7) in (€1,1) ' (A) and
C(0;0) = p. (6.55)

The following theorem proves the existence of integral super curves of even
vector fields; uniqueness however requires more than a simple initial condi-
tion, unless the super curves are restricted to be simply even.

Theorem 6.5.3 Suppose that Y is an even vector field on M, and =2, is
an odd tangent vector at a point p in M. Then for any sufficiently small
positive real number a there exists a unique integral super curve C of Y
based at p with domain (e11)71(I,) (where I, denotes the open interval

(—a,a)) such that
o
C. <(Z_ ) =E,. (6.56)
" 00

Proof Let (X) = (z;€) be coordinates about p, defined on the subset U
of M containing p; then C' is an integral super curve based at p for Y on
U if an only if the components C* of C in the coordinates (X) satisfy

0" k
5:C 67) =YHC(t),
and C*(0;0) = X*(p), k=1,....m+n. (6.57)

Expanding C*(¢;7) as

CF(t;1) = A*(t) + TB* (1) (6.58)
gives
gAk(t) = YF(A(t) (6.59)
ot
and f(B’C(t)) = BI(t)97Y*(A(t)). (6.60)

ot
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Also the initial conditions imply that A(¢) and B(t) must satisfy the initial
conditions

A¥(0) = X*(p)
B*(0) = E,(X%). (6.61)

Restricting to the body of (e11)7'(I,), for a sufficiently small these
equations for A(t), B(t) have a unique solution which can then be extended
uniquely to all of (e10)71(l,), leading to a unique super curve with the

0)) will be referred to as the
odd tangent to C at p.) 7 |

required properties. (The vector C., %‘

Corollary 6.5.4 An even vector field Y on a supermanifold M has a
unique even integral curve based at p with odd tangent at p equal to a given
odd tangent vector 2, at p.

The corresponding notion for an odd super curve will now be described.

Definition 6.5.5 Let Y be an odd vector field on a supermanifold M
and p be a point in M. Then the super curve C : (e1,1) "1 (A) — M (where
A is an open interval in the real line containing 0) is said to be an integral
super curve of Y based at p if

O E
C*<8_+Ta_

ar ot (t;ﬂ) ctn (6.:62)

for all (t;7) in (€1,1) 1 (A) and
C(0;0)=p. (6.63)

The important result, that there exists a unique super curve based at a
given point integral to a given odd vector field, will now be proved.

Theorem 6.5.6 Let = be an odd vector field on a supermanifold M.
Then for any sufficiently small positive real number a there exists a unique
integral super curve C of E based at p with domain (e1,1)"*(1,).

Proof Let (X) = (z;¢) be coordinates about p, defined on the subset U
of M; then C is an integral super curve based at p for = on U if an only if
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the components C* of C in the coordinates (X) satisfy

0 ) ) = 2R (Ct 7))
or ot R

and C*(0;0) = X*(p)  k=1,....m+n. (6.64)

Expanding C*(t;7) as

CF(t; 1) = A*(t) + 7B* (1) (6.65)
gives
B*(t) = Z*(A(t)) (6.66)
and %(Ak(t)) = BI(t)97E*(A(1)). (6.67)
Thus
aE k j S—=k
o7 (A7 (1) = B/ (A(1))97 5% (AR)). (6.68)

For sufficiently small a this equation for A(t) has a unique solution on I,
given the initial condition, and so the integral curve is uniquely determined.

Remark 6.5.7 The existence of even integral curves for even vector fields
on a supermanifold means that an even wvector field induces a local one
parameter group of local transformations in a neighbourhood of any given
point exactly as in the classical case.

In more detail, with I, = (—a,a) as before, a local 1 parameter super
group of local transformations on I, X U is a mapping ¢ : I, x U — M
such that

(a) For each t € I, the mapping ¢y : p — ¢y is a diffeomorphism of U onto
its image.

(b) dt(dsp) = Grisp fort,s and p such that ¢sp € U and s, t and s+t are
n I,.

If Y is an even vector field on the supermanifold M and p is a point
in M, then there exists a neighbourhood U of p, a positive real number a
and a local 1 parameter group of local transformations ¢ on I, x U which
induces Y in that at each q in U, Yy is the tangent to the curve y(t) = ¢rq
at ¢ = ¢oq. This result can be proved almost exactly as in the classical case.

The new feature of the super setting is that corresponding to any odd
vector field on M there is a local (1,1) parameter super group of local
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transformations in a neighbourhood of any given point. Anticipating the
full theory of super Lie groups presented in Chapter 9, and in particular
Example 9.2.2, it is useful to observe that the set R}g’l has the structure of
a group with

(t,7)o(s,0)=({t+s+70,7+0), (6.69)

since integral super curves lead to (1,1) parameter semigroups with this
structure.

Definition 6.5.8 Let a be a positive real number and U be open in M. A
local (1,1) parameter super group of local transformations on (€1 1)~ (I,) x
U is a mapping

D: I, xU—->M (6.70)
such that

(a) For each (t,7) € (€1,1)"*(I,) the mapping ®;, : U — M,p+— &, is
a diffeomorphism of U onto its image.

(b)
(I)tﬂ' ((I)s,o p) = (I)t+s+z77-,7-+a'p (671)
for ¢,s and p such that ®;,p € U and s, ¢t and s+ ¢ are in I,.

Theorem 6.5.9 Suppose that = is an odd vector field on M and p is
a point in M. Then there exists a neighbourhood U of p, a positive real
number a and a local (1,1) parameter super group of local transformations
® on (€1,1)7 (1) x U which induces Z in that at each q in U, 2, is the odd
tangent to the super curve C(t,7) = Py rq at ¢ = Pooq.

Outline of proof Suppose (V,%) is a coordinate chart on M containing
p, with local coordinates (X) = (z;¢) such that X(p) = 0. Let Z¢,i =

1,...,m+n denote the components of =. Consider the differential equation
for m + n functions F7,j=1,...,m+n on R}q’l
a9 oF - -
— — | F7 =Z)(F(¢ 6.72
(5 +7% ) P == e (6.72)

Considering separately the component independent of 7 and the component
linear in 7 leads to a system of ODE’s which have a unique solution for some
interval |e(t)| < b corresponding to given initial condition F(0,0) = X,
provided that X € W where W is some sufficiently small neighbourhood of
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(0,0) in Ry'. Let F[X] denote this solution, and define ®; , : %~ (W) —
M by

O, q=1"" (FIX(q)t;7)) - (6.73)

This map will be defined when €(¢) is in the interval I.. for some sufficiently
small ¢. Since by inspection F[X(q)|(t + s+ 70,7 + o) satisfies (6.72) with
initial condition X (®s . ¢q) it can be seen that ® satisfies (6.71) whenever
both sides are defined. Thus ¢ satisfies the conditions of the theorem with
U =¢~1(W) and a = min(b, ¢). |
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Chapter 7

Supermanifolds: The
algebro-geometric approach

In this chapter the algebro-geometric approach to supermanifolds is de-
scribed, in which it is a sheaf of functions over a manifold, rather than
the manifold itself, which is extended. Section 7.1 gives the definition of a
smooth algebro-geometric supermanifold, while in Section 7.2 local coordi-
nates are discussed. The final section considers maps between supermani-
folds.

This chapter is short because in the following chapter, essentially using
a result first established by Batchelor [12], it is shown that smooth algebro-
geometric supermanifolds correspond precisely to (RZ"", DeWitt, H*)
DeWitt supermanifolds (or, in the complex case, (Cg"", DeWitt, HC*) su-
permanifolds) in such a way that there is a simple dictionary relating much
of the differential geometry in the two approaches. So close is the corre-
spondence that it is often unnecessary to state explicitly which approach is
being used.

For the applications in this book the language of geometric supermani-
folds is mostly more appropriate. Further material on the algebro-geometric
approach may be found in [53, 39, 69]. As is the case with standard al-
gebraic geometry, and also more general noncommutative geometry, ringed
spaces and schemes play a major role; the generalised notion of points is
obtained by considering ideals in the ‘function’ rings.

7.1 Algebro-geometric supermanifolds

The definition of supermanifold given below was given independently in
broadly equivalent form by Berezin and Leites [19] and Kostant [95]. First
the notion of sheaf to be used will be defined. (What is called a sheaf here
is sometimes called a complete presheaf in the literature; however in all

85
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cases used here, associated to any sheaf in the sense used here is a sheaf in
the full sense; the association is canonical.)

Definition 7.1.1 Let X be a topological space. A presheaf A
of super commutative algebras over X is a collection of algebras
{A(U)|U open in X} with the following properties.

(a) For each pair V,U of open sets in X such that V' C U there exists
a restriction map pyy which is a super algebra homomorphism from
A(U) to A(V).

(b) The restriction maps satisfy py w o puyv = pyw whenever U,V and W
areopen in X and W cCV CU.

The presheaf is said to be a sheaf if in addition the following properties
hold for every open cover {Uy|ae € A} of each open set U in X.

(a) If f,g are in A(U), then pyu,f = pvuv,g for all a € A implies that
f=g

(b) If fo € A(Uy) is given for each o € A with py, v,nv, fa = pPUsvanU, f5
for all o, B € A, then there exists f € A(U) such that f, = pvuv,-

One example which is of relevance for this book is the sheaf C'* of smooth
functions on a smooth manifold M. In this case, for any open set U in M,
the algebra C*°(U) is the algebra of smooth functions on this set, and the
restriction maps are the usual restrictions of functions. A further example is
the sheaf of smooth cross sections of a vector bundle over M. The notion of
sheaf abstracts key features of the algebras of functions on a manifold, and
allows a consistent generalisation to give the notion of algebro-geometric
supermanifold.

Definition 7.1.2 A smooth real algebro-geometric supermanifold of di-
mension (m,n) is a pair (M, A) where M is a real m-dimensional manifold
and A is a sheaf of super commutative algebras over M such that

(a) there exists an open cover {U,|a € A} where for each o in A
A(Ua) = C=(Ua) ® AR™), (7.1)

(b) if 91 is the sheaf of nilpotents in A, then (M, A/M) is isomorphic to
(M, C).

A neighbourhood U in M on which A(U) is isomorphic to C*(U) @ A(R™)
is called a splitting neighbourhood.
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A first example of an algebro-geometric supermanifold is the (m,0)-
dimensional algebro-geometric supermanifold (M, C°) constructed from
the sheaf of smooth functions on an m-dimensional manifold M. Less
trivial examples of supermanifolds take the form (M, T'(AE)) where E is a
smooth vector bundle over a manifold M. (Here I'(AE) denotes the space
of smooth cross-sections of the exterior bundle of E.) Such a supermanifold
has dimension (m, n) where m is the dimension of M and n is the dimension
of F, and is said to be split. The term split comes from the exact sequence
of sheaves

0—-N*—=A—-CBFE—0 (7.2)

which exists for any algebro-geometric supermanifold, with F here denoting
the quotient sheaf 91/9M2, which splits precisely when the supermanifold is
derived from a vector bundle in this way. An important theorem due to
Batchelor [11] shows that in fact any smooth algebro-geometric superman-
ifolds is (non-canonically) isomorphic to a split supermanifold. Under the
identification that will be made of smooth algebro-geometric supermani-
folds and H*° supermanifolds, Batchelor’s theorem for algebro-geometric
supermanifolds is implied by Theorem 8.2.1, which applies in the more
general setting of concrete G supermanifolds.

7.2 Local coordinates on algebro-geometric supermanifolds

In this section (M, A) is an (m,n)-dimensional algebro-geometric super-
manifold, and the notation of Definition 7.1.2 will be used. Harnessing
the idea that elements of the super algebra A(U) are to be regarded as
functions on U in some generalised sense, it is possible to define coordinate
neighbourhoods and even and odd coordinate systems on (M, A).

By part (b) of Definition 7.1.2, for each open subset U of M there is a
homomorphism € : A(U) — C*(U), f — flg), and these homomorphisms
commute with restriction maps.

Suppose that U is a splitting neighbourhood of (M, A). Then there exist
subalgebras C(U) and D(U) of A(U) with C(U) =2 C*(U), D(U) =2 A(R")
and

A(Ua) = O(Uoz) ® D(Uoz) . (73)

Since A(R™) is generated by 1 and odd elements, the map ¢|c(y,) — C*
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must be an isomorphism. These properties make possible the following def-
inition of coordinate neighbourhood and odd and even coordinate system.

Definition 7.2.1

(a) An open subset U of M is said to be a coordinate neighbourhood of
(M, A) if it is both a coordinate neighbourhood of M and a splitting
neighbourhood of (M, A).

(b) Suppose that U a coordinate neighbourhood of (M, A) with A(U) =
C(U) ® D(U) where C(U) = C*°(U) and D(U) = A(R™). Then an
ordered set of generators (£1,...;6") of D(U) is said to be an odd
coordinate system on U.

(c) A set (z',...,2™) of even elements of C(U) is said to be an even
coordinate system on U if (ex', ..., ex™) is a coordinate system for M
on U.

(d) A coordinate system of (M, A) on U consists of an even coordinate
system and an odd coordinate system.

It is clear that any coordinate neighbourhood on (M, A) has at least one
coordinate system. It can be shown that if W C U, and (z%¢7),i =
1,...,m;j=1,...,nis a coordinate system on U then (pywz’; pu w&’) is
a coordinate system on W.

Suppose that U and V are coordinate neighbourhoods on (M, A) such
that UNV # 0, with coordinate systems (z%; &%) and (y%;77), i =1,...,m,
j=1,...,non U and V respectively. Then the restrictions of these coor-
dinates to U NV are also coordinates, and the restrictions of (y%;n’) may
be expressed in terms of those of (z%;&7) in the following way:

v= 2 e
HEMNnO

W= ) Qe (7.4)
HEMan

with each P;; and Q{L elements of C(W). These explicit expressions can
be used to show the connection between algebro-geometric and concrete
supermanifolds [118].

Complex algebro-geometric supermanifolds can be defined in a closely
analogous manner.
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7.3 Maps between algebro-geometric supermanifolds

The notion of morphism of algebro-geometric supermanifolds is natural if
one considers such a supermanifold to be a generalised function sheaf.

Definition 7.3.1 A smooth map h of a supermanifold (M, A) to a super-
manifold (N, B) is a morphism of the sheaf A to the sheaf B such that the
constituent algebra homomorphisms are super algebra homomorphisms.

In more detail this means that the map h consists of a C°°° map hyy :
M — N and, for each V open in N, a super algebra homomorphism hj; :
B(V) — A(h™Y(V)) which commutes with restriction maps in the sense
that if V! C V then

h*{// opyvyr = ph—l(V)h—l(V/) o h”{/ . (75)

In the trivial case where A = C*(M) and B = C*°(N), any C* map
h from M to N induces a map of the supermanifolds (M, A) and (N, B),
with A* simply the standard pullback. Less trivially, if (M, A) has the
form (M,T'(AFE)) and (N, B) has the form (N,I['(AF)) where E and F
are vector bundles over M and N respectively, then any vector bundle
morphism E — F induces a smooth map of the supermanifolds (M, A)
and (N, B). However, not all smooth maps between supermanifolds will
be of this form. Helein has recently given an interesting account of maps
in the algebro-geometric language [69]. An extended consideration of the
supermanifold structure of the space of maps between supermanifolds is
given by Batchelor in [13].
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Chapter 8

The structure of supermanifolds

While there is no complete classification theorem for supermanifolds of
all types, there are a number of cases where the classification problem
can be reduced to a classification problem in classical differential geom-
etry. In particular (Rg"", DeWitt, G>) supermanifolds may be classified
by smooth vector bundles. This chapter begins with a description of the
construction of an (Rg"", DeWitt, G*°) supermanifold S(M, E) from an n-
dimensional vector bundle E over an m-dimensional C'* manifold M. Anal-
ogous constructions for complex manifolds are also discussed. In section
Section 8.2 it is shown (in a theorem originally due to Batchelor [11]) that
any (Rg"", DeWitt, G*°) supermanifold M not only has a (non-canonical)
(R, DeWitt, H>°) structure, but also is superdiffeomorphic to a super-
manifold of the form S(Mg), ) where M is the body of M and the n-
dimensional vector bundle E is uniquely determined by M. This theorem
is not true for complex analytic supermanifolds, as was originally demon-
strated by Green [65]. An example to show this is given in Section 8.3.

Much of the structure of a supermanifold is contained in the rings of
supersmooth functions considered in Section 6.1. The structure of the ring
of H* functions on a supermanifold suggests a correspondence with the
abstract rings of the algebro-geometric approach. This correspondence
is demonstrated in Section 8.4, where it is shown that the isomorphism
classes of (m, n)-dimensional algebro-geometric supermanifolds correspond
to the superdiffeomorphism classes of (m,n)-dimensional (RE"", DeWitt,
H®°) supermanifolds, or, in the complex case, (C§"", DeWitt, HC*) super-
manifolds.

91
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8.1 The construction of a split supermanifold from a vector
bundle

Given an m-dimensional C'*° manifold M together with an n-dimensional
vector bundle E over M, one may use the transition functions of the mani-
fold and the bundle to construct an (m, n)-dimensional (R"", DeWitt, H>°)
supermanifold S(M, E) with body M. This construction, which uses a
patching technique, is described in the following theorem (where it is es-
tablished that the object constructed is indeed a supermanifold).

Theorem 8.1.1 Let M be a m-dimensional C*° manifold and let E be a
C* n-dimensional vector bundle over M. Suppose that {(Uqu, da)|a € A}
is an atlas for M with coordinate neighbourhoods U, which are also local
trivialisation neighbourhoods of the bundle E. For each o, € A such that
UaNUg # 0 let T be the transition functions of M, that is,

Tap = ba © 05" 03(Ua NUp) = da(Ua NUp), (8.1)
and
Va = (emn) " (¢a(Ua)) € RE™ (8:2)
and also let
gap 1 Ua NUg — Gl(n,R) (8.3)

denote the transition functions of the bundle E.
Now let

N = UneaVa, (8.4)
(were U denotes disjoint union). Define

Fap t €mn' " (05(Ua NUs)) = €mn ™ ($a(Ua NUp))

—

by %gﬁ(xg;fg) = gﬁ(a}ﬂ) i=1,....m

7‘0%“ (x3;€8) = Zgagjl o qbgl(a:ﬁ){f; j=1,...,n. (8.5)
1=1

Now let ~ be the relation on N = UyeaVa such that (z;€) ~ (y;n) if and
only if Tap(x;€) = (y;m), where a and [ are the unique elements of the
index sets A such that (y;n) is in Vo and (z;€) is in Vz. Then

(a) The relation ~ is an equivalence relation;



(b)
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The space N'/ ~ can be given the structure of an (m,n)-dimensional
(RS, DeWitt, H>) supermanifold.

(The supermanifold obtained from M and E in this way is denoted
S(M,FE).)

Proof

(a)

Since T, is the identity map on U, and g, maps U, to the identity
element of Gl(n,R), the map 7., is the identity map on V,,, and thus
~ is reflexive. Also, since the function 7,4 is the inverse of the function
Tsa and, for each x in Vi, NVp, gas(x) is the matrix inverse of ggap)(z),
one finds that

Foa = (Fap) ™" (8.6)

and hence that the relation ~ is symmetric. Finally, the transitivity of
the relation follows from the fact that 7,3 0 73y = Tay 00 ¢4 (U NUg N
U,) and the group product gog(z)gs(x) is equal ga~(z) for all points
z in Uy NUgNU,, so that

71045 o 7:[3'7 = 72045 (87)

on (6m.n) "V (da(Ua NUs NTL)).

For each p € N let p denote the equivalence class containing p and let
V., denote the set of equivalence classes of points in V,,, and so on. Also
define the map

¢a: aHRglm’ by
Yi(p) = dialx) i =1,...,m
Yori(g) = & j =1,....n

where (z;€) is the unique element of the equivalence class p which lies
in V,. Then, since no two distinct points in V, are equivalent under
~, the map %, is a bijective map of V,, onto V,, which is an open
subset of RY"™ with the DeWitt topology. Also the transition function
Yo 0thg : Y3(Va NV3) — 14 (Vo NVp) is simply the map 7,5 defined in
equation (8.5). |

This construction can be adapted to give a complex supermanifold corre-
sponding to a given complex vector bundle over an analytic manifold. In
this case the resulting supermanifold is CH*.
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A supermanifold which is superdiffeomorphic to a supermanifold con-
structed in this way is said to be split. (The terminology comes from the
split exact sequence (7.2) which arises in the algebro-geometric formulation
of such a supermanifold.) The atlas constructed above will not be maximal.
Also, other atlases will exist on the supermanifold with transition functions
of the form (8.5) ; any such atlas will be called a split atlas.

8.2 Batchelor’s structure theorem for (Rg""™,DeWitt, G)
supermanifolds

In this section it will be shown that any (R, DeWitt, G°°) supermanifold
has a split structure. This result was first proved for H> supermanifolds
(in the algebro-geometric supermanifold formalism) by Batchelor [11]. The
proof presented here is by no means the most elegant or mathematically
sophisticated one possible; instead an explicit, hands-on technique for un-
ravelling general G*° transition functions until they take take the split form
(8.5) will be used. (This approach is similar to that used by Crane and Ra-
bin when considering uniformisation of super Riemann surfaces [37].)

Theorem 8.2.1  Any (m, n)-dimensional (R, DeWitt, G>) superman-
ifold M is split.

Proof Let {(Va,¥a)la € A} be the (R, DeWitt, G*°) structure on the
supermanifold M. For each a, 3 such that V,, N V3 is not empty, let T,
be the transition function

Now each T,g is invertible, and thus by T_‘heorem 4.7.1 the superdeter-
oz, [0l Oxl, |0,

minant of the matrix , ) , .
(353/3% 9., /08

) is invertible. Thus, if for
k=1,...,n

§§(xﬁ; &) = vk(xﬁ) + gagkj (xg)fé + higher order terms, (8.9)
the function

gap  €(¥3(Vo NV3)) — Gl(n,R)
e(x) = (gas"j(e(2))) (8.10)
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must be invertible at each point (x3;¢3) in the domain of T,s. Since the
transition functions obey the compatibility condition

Taﬂ o Tﬂ.y = Ta,y (8.11)

on (Vo N'Vg NV,), the functions gap are the transition functions of a
uniquely determined n-dimensional real vector bundle E over the body Mg
of M. The aim of the proof will be to establish that on each coordinate
neighbourhood V,, each even coordinate z¢, can be replaced by an even
coordinate 2’¢, such that

—

2l (25,8 p) = T[i@]ag(a:%) (8.12)

and each odd coordinate &/, can be replaced by an odd coordinate ¢'* such
that

EE (@ 36 5) = Gap(@'5)* €% (8.13)

so that the supermanifold M is shown to have a split structure. These
coordinate redefinitions are carried out order by order in £ and order by
order in the generators (3}, of the Grassmann algebra Rg. Suppose that
explicit expressions for the components of the transition functions T,z are

i i ol .
. . " )
Top(ws;€p) = Qupu(wa)ss  G=1,...,n

Then, since the transition functions 7,3, T3, and T, obey the consistency
conditions (8.11),

To]j'y(m'ﬁg'y) = To]fﬂ(Tﬂ'y(m'ﬁg’y)) (8.14)

for all (x;&y) in 1, (Vo NV3) and for k = 1,...,m + n. Each side of this
equation is an element of Rg, and thus having first equated coefficients
in the expansion of each side in powers of &,, within each of these new
equations coefficients of powers of the generators 3, of Rg can be equated.
Such coefficients will be labelled ,[,) where the multi index 4 indicates

that the coefficient of f% is being considered, while the ,] indicates the
coefficient of g3 ,;. It is in fact sufficient to consider points (z;&,) of
the domain such that s(z,) = 0, since (by Definition 4.3.2) any functional
relationship which holds at such points must extend to all points of the
domain.
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The first step is to consider the §[@] term in (8.11), which corresponds
to the body Mg of M, and gives

Tigjar" (2+:0) = Tigjas’ (Tjg) 8+ (743 0)) (8.15)

which simply expresses the consistency of the transition functions of the
body Mg of M. The ¢[r] coefficient (with [r] denoting the multi index
containing the single element ) is the first to give useful information. In
terms of the @ functions of (8.2) this coefficient gives

Qavé[r] (zy) = Qaﬂé[r] (28) + gap(25)’ v Qavig () (8.16)

where x5 denotes the body of Tz, (x.;&). This shows that Q‘Wé[r] defines

a l-cycle in the Cech cohomology of Mg with coefficients in E. Now,
essentially because of the existence of partitions of unity on Mg, this
sheaf is fine and thus has trivial ¢** cohomology groups for ¢ > 1. As a
result there exists for each o in A and each natural number 7 a function

hafr) : Vigja — R" (8.17)
such that

Qig@[r] = hi[r] - hg[r] (gaﬁ)ilkj (mﬂ) . (8-18)
Thus the leading term Q,gp[,] in Qapp can be set to zero by the G redef-
inition of coordinate

gl =¢ +h (8.19)

alr]

Further coordinate redefinitions can then be made in a similar manner until
all transition functions are reduced to the split form (8.5). |

8.3 A non-split complex supermanifold

Batchelor’s theorem, proved in the preceding section, showed that G*° su-
permanifolds are always split. With complex analytic supermanifolds the
situation is quite different; the proof of Batchelor’s theorem is not valid,
because the relevant cohomology groups do not vanish. Instead, the pro-
cess can be turned on its head, and non-trivial cohomology elements used
to construct explicitly non-split supermanifolds. The first examples of non-
split supermanifolds were given by Green [65]. The more recent study of
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super Riemann surfaces (which are discussed in Chapter 14) provides many
more examples of such supermanifolds.

The example of a non-split holomorphic supermanifold (first given by
Green [65], using the algebro-geometric supermanifold formalism) will now
be described. The supermanifold will be defined by specifying transition
functions; the patching construction of Theorem 8.1.1 can then be used to
construct the supermanifold.

Example 8.3.1 Let E denote the bundle 27*CP*, that is, the double of
the cotangent bundle of one-dimensional complex projective space CP?.
Also, let e be a non-zero element of H'(TCP' @ A%E). (Such an ele-
ment must exist, since it is known that H'(TCP' ® A?E) ~ C.) Then,
if {(Ua, 2a)|a € A} is the holomorphic structure on CP*, for each a, 8 in A
such that U, N Ug is non-empty, there exists a nowhere zero function

eap: UaNUz — C?

(8.20)
satisfying the cocycle condition
Cay = €ag + egvh;ﬁl (8.21)
where
hag = 024/0z23 . (8.22)

The required supermanifold is constructed by taking coordinate patches
{Va|a € A} with

Vo = (%) (2a(Ua)) (8.23)
and transition functions
Tup : (%) (za(Ua N Us)) — (7)™ (25(Ua N Up))
with Tis(2.0) = Gap(2) + capei('C]

To3(2,0) = (hap(2))'¢, G=1,2  (8.24)

where (o ¢ 2a(UaNUs) — 23(UsNUg) are the transition functions of CP'.
It follows from the cocycle condition (8.21) that the transition functions T
obey the consistency condition (8.7), and hence the disjoint union of the
V. may be patched together to define a supermanifold, which in this case
is non-split.
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Rothstein has shown that although not all complex supermanifolds are
split, in the H* case they can be regarded as deformations of split
supermanifolds[132].

8.4 Comparison of the algebro-geometric and concrete
approach

In this section the correspondence between algebro-geometric and concrete
supermanifolds is demonstrated. First, the existence of a unique algebro-
geometric supermanifold corresponding to a given H° manifold will be
shown.

Proposition 8.4.1  Let M be an H™ supermanifold of dimension (m,n),
and let A be the sheaf of super algebras on My with

A(V) = H>®(e (V). (8.25)
Then (Mg, A) is an algebro-geometric supermanifold of dimension (m,n).

Outline of proof A is a sheaf for the usual reasons for sheaves of functions.
Let {(Va,%a)|a € A} be an atlas of H> charts on M and let U, = €(V,)
for each a in A. Then it follows from Definition 4.4.3 that

A(Ua) = H* (Vo) = CF(Ua) ® AR"). (8.26)

It is clear from the same definition that for each open U in My,
AU)/NU) =2 C™(U). (8.27)
|

There is an analogous result for complex algebro-geometric superman-
ifolds [4]. Conversely, given any algebro-geometric supermanifold (X, A),
it is possible to construct a supermanifold H (X, A) of matching dimension
such that the body of H(X,A) is X, and so that the algebro-geometric
supermanifold corresponding to the sheaf of H> functions on H(X, A)
is isomorphic to (X, A). Moreover the correspondence now constructed
between algebro-geometric supermanifolds and (R"", DeWitt, H>) super-
manifolds is bijective. One proof of this result is given in [12]. Alternatively
the result may be established by constructing the concrete supermanifold
corresponding to a given algebro-geometric supermanifold using a patching
technique, and the explicit form (7.4) of the coordinate transition functions
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for an algebro-geometric supermanifold [118]. The process is very similar
to that used in Theorem 8.1.1 to construct the supermanifold S(M, F), and
so will not be described in detail.
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Chapter 9

Super Lie groups

One of the principal motivations for studying supermanifolds is the desire
to find the appropriate global object or ‘super Lie group’ corresponding to
a super Lie algebra. In supersymmetric physics elements of a super Lie
algebra are seen as infinitesimal generators of transformation, with anti-
commuting parameters attached to the odd elements and commuting pa-
rameters to the even ones. Comparing this to the case of conventional Lie
groups, where the parameters of the infinitesimal generators can be used as
coordinates on a neighbourhood of the identity, this suggests that a super
Lie group will have both commuting and anticommuting local coordinates,
and thus that a super Lie group should be a supermanifold. This leads nat-
urally, by analogy with the definition of a conventional Lie group, to the
definition of a super Lie group as a group which is also a supermanifold,
with supersmooth group operations. Such an approach is explored in de-
tail in this chapter, and does indeed provide the appropriate mathematical
framework for the groups used in supersymmetric theories. Moreover the
relationship between a super Lie group and its super Lie algebra is shown
to take the expected form, with one or two extra possibilities. Because
supermanifolds are topological spaces, the formulation of super Lie groups
given here naturally incorporates global topological properties.

Super Lie groups derived from graded Lie algebras were first consid-
ered by Berezin and Kac, in a mathematical context, some years before
the physical theories mentioned above; in their paper ‘Lie Groups with
commuting and anticommuting parameters’ [18] they give a definition of a
formal super Lie group. Subsequently, Kostant has given a full account of
the notion of ‘graded Lie group’ in his extensive work on algebro-geometric
supermanifolds [95]. In this approach it is once again the function algebra
which is extended, the extension from group to super group is made using

101
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Lie Hopf algebras. Neither the formal groups of Berezin and Kac nor the
graded Lie groups of Kostant are actually abstract groups, in contrast to
the super Lie groups defined in this chapter. These super Lie groups bear
the same relationship to the formal groups of Berezin and Kac as do con-
ventional Lie groups to the formal Lie groups first introduced by Bochner
[25]. Fourier analysis on super Lie groups has been developed and applied
by Zirnbauer[163] and by Hiiffmann|[80].

Section 9.1 gives the basic definition of super Lie group, and intro-
duces the corresponding super Lie module. Examples of super Lie groups
are given in Section 9.2, while in Sections 9.3 and 9.4 the correspondence
between super Lie groups, super Lie modules and super Lie algebras is es-
tablished. Finally, in Section 9.5 it is shown that the graded Lie groups of
Kostant can be related to the super Lie group formulation given here.

9.1 The definition of a super Lie group

The basic definition of a super Lie group [120] closely parallels that of a
conventional Lie group.

Definition 9.1.1 A super Lie group G is a group G which also has the
structure of a (G¥, DeWitt, Rg"") supermanifold, with the group operations

GxG— G, (91,92) — 9192,

and G — G, g — gt (9.1)

being G“.

This definition can be generalised to include groups which are supermani-
folds modelled on other super algebras.

It is a well known result of classical Lie theory that the left invariant
vector fields on a Lie group (sometimes referred to as infinitesimal right
translations) form a Lie algebra under commutation, and that this algebra
characterises the local properties of the group. The analogous property of
a super Lie group is that the left invariant vector fields form a super Lie
module (Definition 2.4.3); in almost all cases this super Lie module has
the product structure A ® g of Example 2.4.5, with A the super algebra on
which the super Lie group is modelled (as a supermanifold) and g a super
Lie algebra. Although the definition is exactly as in the classical case, for
completeness the notion of left invariant vector field will now be defined.

Definition 9.1.2 Let G be a super Lie group and let g € G.
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(a) Define the left action d4 of g on G to be the mapping
b :G—>G ¢ —ygg. (9.2)
(b) Define ¢4+ to be the induced mapping on vector fields on G, so that

5ye(X)f = X(fod,) forall feG™(G),XeDG). (9.3)

(¢) A vector field X in D(G) is said to be left invariant if
0g«(X)=X forall geG. (9.4)
(d) The set of left invariant vector fields on G is denoted L(G).

Equipped with this definition, the proof of the main result of this section
proceeds very much as in the classical case.

Theorem 9.1.3 Suppose that G is an (m,n)-dimensional super Lie
group. Then L(G) is an (m,n)-dimensional super Lie module over Rg
under the bracket operation

L] L(G) x L(G) — L(G)
[X,Y] = XY — (-)XIVlyx .

Proof It is proved in Theorem 6.4.3 that D(G), the space of vector fields
on G, forms a super Rg-module under the bracket operation defined above.
It can be shown, using an analogue of the classical proof, that £(G) is a
Lie sub module, in particular that it is closed under the bracket operation.

Let T.(G) be the tangent space at the identity of G. Then T.(G) is an
(m, n)-dimensional super vector space. Also the mapping

LG) = T.(G), X w— X. (9.5)

can be shown to be a super vector space isomorphism, using an analogue
of the classical proof. |

In almost all cases the super Lie module of a super Lie group has the
product structure Rg ® g where g is a super Lie algebra, and so one can
refer to the super Lie algebra of a super Lie group.
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9.2 Examples of super Lie groups

In this section, several examples of super Lie groups and their super Lie
modules will be described. First, for completeness, the Abelian transla-
tion super Lie groups are described. While these may seem to be the
natural analogue of the standard translation groups, it is the ‘supertrans-
lation’ groups defined in Example 9.2.2 which are much more significant
and characteristic of supersymmetry. A supertranslation group can also be
combined with the Lorentz group as a semi direct product, giving the super
Poincaré group. There are analogues of the classical Lie groups, some of
which are described below. A more complete account of these groups and
their super Lie algebras is given in [136] and [34]. Following this, a generic
construction of a super Lie group corresponding to an arbitrary super Lie
algebra is given; the resulting super Lie group is the semidirect product
of a standard Lie group and a nilpotent Lie group. This construction is
used in Section 9.5 to relate the concrete super Lie groups to those of the
algebro-geometric approach. Finally, as a curiosity, two super Lie groups
are presented in Example 9.2.3 whose super Lie module does not factorise
into the tensor product of a super Lie algebra and a super algebra.

The first example of a super Lie group simply shows that superspace
R itself has the structure of an additive group:

Example 9.2.1 The space Rg"" is an (m, n)-dimensional abelian super
Lie group with group action defined by

() + (ysm) = (@ +y; €+ 1) (9.6)

An example of a non-abelian super Lie group, which plays an important
role in supersymmetric theories is the group of super translations, which
will now be described.

Example 9.2.2  Suppose that m and n are integers such that SO(1, m—1)
has Majorana spinors of dimension n, and that v".%, 0,3 =1,...,n, i =
1,...m are Dirac matrices satisfying
n
(VoY 57 + 40Py %) = 607, a0 =1,...n,0,5=1,....,m
B=1
(9.7)

where 7 is the Minkowski metric on R™ preserved by SO(m — 1,1). Then
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RY™ is given the structure of a super Lie group by defining
(.., 2™ 0 0™ o (yh, .. ™ot 9")
= (27 (9.8)
with
2=yt Z 0°¢°(Cy)ap, i=1,...m and

a,B=1
P = 0% + ¢, a=1,...n. (9.9)

This group will be denoted T"™.
A simple example of this group is T"! which has group law
(s;o)o(t;T)=(s+t+om;0+7). (9.10)

As with the simple translation group, there is a natural coordinate sys-
tem on T™" and it is almost immediate that this gives the supertrans-
lation group the structure of a super Lie group; using the construction
described below, it can be shown that the super Lie algebra of this group is

the (m,n)-dimensional super algebra with generators P;,i =1,...,m and
Qu,a=1,...,n and non-zero brackets
[Qar Q5] = D _(C1)apPi. (9.11)
i=1

This is the basic N = 1 supersymmetry algebra in m dimensions. In su-
persymmetric physical theories, which are considered in Chapter 13, it is
useful also to include Lorentz rotations, by talking the semi direct prod-
uct with the supersymmetry algebra using the vector representation for the
even part and the spinor representation for the odd part. This leads to
the super Poincaré algebra which has a further %m(m — 1) even generators
Jij,i,5 =1,...,m with J;; = —J;; and brackets

[Jij, Qo] = =324 o Qg

[Jij, Pe) = nie By — nju P

[Jijv J| = NikJir — ik Jj1 — Njudik + nuJjk (9.12)
where ¥, P = % (’ym”yj VB — vjoﬂ"ymﬁ). The corresponding super Lie

group is the semi direct product of the supertranslation group 7™ and
the spin double cover of SO(m — 1,1).
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Matrix super Lie groups and their super Lie algebras have been consid-
ered by a number of authors, for example Rittenberg [116], Scheunert [136]
and Cornwell [34]. The basic example is the group GL(m, n;Rg) of invert-
ible (m, n) x (m, n) super matrices, which is an (m?+n?, 2mn)-dimensional
super Lie group. (The proof that this is a super Lie group is very much as
in the classical case.) It has many super Lie subgroups, defined by various
restrictions. One example is the special linear group SL(m,n;Rg), which
consists of matrices in GL(m, n; Rg) whose superdeterminant is equal to 1.
Another example is the orthosymplectic group OSP(m, [; Rg which consists
of (m, 2l) x (m, 2l) super matrices M which preserve the flat ‘super metric’

r:Cgé) (9.13)

(where 1,,, denotes the m x m identity matrix and Cj is the 2{ x 2 standard

symplectic matrix with [ copies of < 0 (1)) down the leading diagonal) in

the sense that
M3 TYM =17. (9.14)

Two non-Abelian super Lie groups are now presented which have the
same super Lie module u, but are topologically distinct in both the even
and the odd sector. In this example a finite-dimensional Grassmann algebra
Rgpy) is used, and also for the second example the fine topology. An addi-
tional feature is that the super Lie module u does not factorise as g ® R g4
for any super Lie algebra g.

Example 9.2.3
(a) Let H = R};’[i] with group operation defined by
(a;@) 0 (¢;7) = (a+ ¢+ 3811182100 +7) - (9.15)

This super Lie group is (1, 1)-dimensional and has super Lie module
which can be expressed in terms of a super basis {Y7, Y2} with brackets

[Y1,Y1] = [V1,Y2] =0, and [Y2,Ys] = B116821Y1 . (9.16)

(b) Let G = H/D where D is the discrete central subgroup of H consisting
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of elements of the form

(D m B,

BEMa4 0
n By + 0’ Bra) + n'* 1161218131 + 081118131 81a)
+n'24811)8(21814) + n*** B12)8(31814)) (9.17)

where each m# and n¥ is an integer. G is then a super Lie group (with
supermanifold topology the fine topology) with the same super Lie module
as H, but homeomorphic to (S1)8 x R1? rather than to R1°.

There are super Lie groups which are (G, R¢"", DeWitt) supermanifolds
and have this same super Lie module structure (but over Rg). However
they will be the analogue of (a) in the preceding example rather than (b)
which requires the fine topology.

9.3 The construction of a super Lie group with given super
Lie Rg[r)-module

In Section 9.1 it was shown that each super Lie group has an associated
super Lie module. In this section the first step towards a converse result is
established, that is, it is shown that corresponding to any super Lie module
u over Rgz), with L greater than the odd dimension of the module, there
is a super Lie group (not necessarily unique) whose super Lie module is
u. The proof also shows that the fine structure manifold of the super Lie
group is a Lie group whose Lie algebra is the fine structure Lie algebra
of u.

The technique employed to establish the main theorem of this section is
to relate structures on R’;[L"] to those on R2"™'(m+n) via the identification

Lo REE — R2T ) (9.18)

1 m .

(D> @By D By

p1EML 0 p €Mr o
m-+1)v m—+n)v
DO S PRSI DI e D
Vm+1EML 1 Vm4n€EMp 1

- (at amE glmthe ,x(m’L”)zm € Mpo,v € Mr1).

(9.19)
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The following lemma establishes a criterion by which it may be determined
whether or not a given analytic function on R2"~'(m+1) may be identified
with a superanalytic function on ]Rgn[g] The conditions of this lemma were
used by Boyer and Gitler to characterise supersmooth functions [26].

Lemma 9.3.1 Suppose that U is open in R2" 7N m4n) gnd that f:U—
Rg(z) is analytic. Then f o is superanalytic on ~YU) if an only if for

every finite sequence p1, pa, . . ., Pr of positive integers with each p, less than
or equal to m +n there exist elements f,, . of Rg(r) such that
awk e 8p1ﬁ1f(0) = ﬂ[ﬂl] . -ﬂ[gk]fm...pk (9.20)

for each K, € My pusm=1,..., k.

This lemma, which provides the analogue of the Cauchy Riemann equa-
tions, may be proved by considering the series expansion about zero. The
following corollary can be useful.

Corollary 9.3.2

Foropn =05 .05 (f01)(0). (9.21)

The next lemma shows how, given a Lie group whose Lie algebra is equal
to the even part of a super Lie module, the local analytic structure of this
Lie group may be used to construct a local superanalytic structure.

Lemma 9.3.3  Let ujz) be an (m,n)-dimensional super Lie module over
Rgiry, and {X;|i = 1,...,m +n} be a super basis of ujz). Also let by denote
the even part of u regarded as a 2X=1(m + n)-dimensional Lie algebra, so
that b has a basis

{X@XZE = B Xni=1,...,m+npe MLM} L (9.22)

Let H be a Lie group whose Lie algebra is b, and let ¢. : V — R2" ™ (m+n)
be canonical coordinates (with respect to the basis {X;,}) on some neigh-
bourhood V of the identity e of H. Let U be a neighbourhood of e such that
UU CV and let the analytic function k be defined by

k:9e(U) X ¢e(U) = ¢e(V),  (¢e(9), Pe(h)) = ¢elgh) - (9.23)

(The (ip) component of this map will be denoted k'“.) Also let the function
e : V — R?[& be defined by

Yo =1""0ge. (9.24)
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Suppose that K : 1 (U) X .(U) — (V) is defined by

K'(wy)= Y K@), uy) B - (9.25)

HEMp i)
Then

(a) K (e(9),e(h)) = te(gh),
(b) K is super analytic, and
(c) if fori,j=1,...,m+n functions X;" 1 Ye(U) — Rgyry are defined by

X (x) = anyﬂy:O (9.26)
then
27Xk (0) = Lok (9.27)
i Xj T 9 [L]> )
where CY; are structure constants for the basis {X;|i =1,...,m +n}
Of U[L].

(Properties (a) and (b) mean that group operations expressed in terms of
the chart (¢., V') are superanalytic.)
Proof (a)

K (elg),e(h) = > K2 (1o te(g), e 0 ve(h)) Biu)

HEML |3
= Z ¢2H(9h)/3[ﬁ]
HEML |3

= Pe(gh). (9.28)
(b) Fori,j=1,...,m+n, p€ Mg and v € Mp;, let

i& o 8]#&
ij B 8y]£

(z,9) , (9.29)

y=0

where z,y € ¢.(V). Then, using Lie’s first theorem, it will be shown by
induction over r that, for any finite sequence (p1, ..., p,) of positive integers
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between 1 and m +n inclusive, and multi-indices o, € My, |, s =1,...,7,

k™, y)
OyPrer ... QyPr<s

m—+n m—+n m-+n

“yYYSYS.yY Y Ly

a=1 a€Mp s1=1  s,=17,€Mp|5, |y, EML T, EMLsp 5y €ML

srl

ay, [ ~
T(r)aal” FE oy o Xaa(K(@9) Xngh (@,9) - g (,y)

(9.30)
where T(r)zgls% is independent of x and 1, F%WITL-“I is defined by
ﬁ[ﬂl] Vk] Z s a] ) (931)
a€EMy

and x is the inverse of the matrix y.
To establish this result, note that Lie’s first theorem states that

ok ase
e @ = 2 Xeta (k(@, )52, (y). (9.32)
a=1 aeMp,

Thus (9.30) holds when r = 1 with T'(1)s7* = 62 8.
Now, since ¢, is a canonical coordinate with respect to the basis {X iﬁ}
of b,

m-+n
=Y Z X0, (9.33)
ceM;y,

=1 v

<.

and thus, if [XW,X } B2 Xie,

ipjv

h l ~k
But_ju = (Xiiahkxju le/ 8}”’X1,u) Xl)(\j

hy I\ hy IA ~k
( Xz,uuxgu + ijl//X“L) athl; . (934)
~ka ~ko
But Ohy Xy = —91AXp,,,» SO that
ko hy 1A ~ko

Bigjg - _2X7,;,L ijahl/Xl)\ . (935)
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This gives

ko 1 1 o r
Dy (#) = 5 X (0XGF (@) By (9.36)
and
ko 1 1 o T
nuxiy (k(w,y)) = 53, Wxfg (K(e.9) By, - (937)

Now suppose that (9.30) holds for some particular r. Then

Ok™(z, )
OyPr+1Zri19yPre, | QyProa

m—+n m—+n m-+n

_ Y Y Y

a=1 a€EMp s1=1 sr=lr,€Mps, 0, €EML T, €Mp|s, 5y, €ML

srl

e
Vi pa
T(r)Sl.-.Sr ! Fll"'lrll“'l

r

-bB iy rpo . ~ ST,
X [% Xprag,pn (0)xp (R, 9)) Bys oo i () - - - X, (9)

T

i - _Sq—1T ,_ SqT
+ (=3 xaa(k(2,9) oz, W) - Xoprot s () Bi o
s=1
_cy ~ds ~Sa+1T oS,
XXpr16 i1 (W)X, W) Xparo 'y (U) - - Xf»;(y))} - (9:38)

Now the structure constants ij =D e, Cikjlﬁ[ﬂ of u in the basis {X;}

are related to the structure constants B2, of b in the basis {X;,} by

g
ke k1 P
Bigjz_ Z Cii Four - (9.39)
TEML
Thus

Ok™(x, y)
8ypr+1g r4+1 8ypr£r . 82/17121

has the required form and so (9.30) is established by induction.
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Further notation is now required. Given p € My, let n(y) denote the
number of sequences in My, which contain p as a subsequence. Also, for
v,7 and g in My, define AZ*T by

A= f =

T I T E )

A= BB = -8

£ n(r) (2]Plz] = TH[k]

AT = otherwise. (9.40)

Using the summation convention, let

) Ok
Kpy o) = g
aymzk .. 8yP1£1 y=0
X AGTVATRR AT, ) (9.41)
Now
0K (zx,
(z,y) (2,0)
OyPrar . QyPrca
m—+n m—+n m—+n

“yYyYS.y Y Ly

a=1 aeMy, s1=1 sr=lr,€Mps, |0, €EML T, €EMps.y, €ML
aY, -, o iy
T( )Pl Pr Fg_l”‘grll“‘lr Xa_g(m)ﬁ[ﬁ] (942)
since Xpg(0) = 656z. Thus when z =0
oK' .
(IE,O):ﬁ[zl]...ﬂo ]K;Dl pT(:E). (9.43)

QP11 .. QyPre -

Successive differentiation of (9.41) and (9.42) with respect to x, together
with further applications of (9.36) and (9.37), shows that this result holds
for all . Thus, by Lemma 9.3.1, K is superanalytic in its first argument.

A parallel argument shows that K is also superanalytic in its second
argument.
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(¢) By Corollary 9.3.2
¥ (@) = 05, K (z.y)|

ok
8y]£

y=0

A Bz
y=0

= X (@) AL B, , (9.44)
so that
Do X5(0) = Brpx s (0)ALZF 1
= 3Ch; B, - (9.45)

Now X; is superanalytic (because it is a derivative of the superanalytic
function K*) and thus (again using Corollary 9.3.2)

N5 (0) = 3CH 1 - (9.46)
]

Recalling that the aim is to construct a super Lie group corresponding to
a given super Lie module u, the previous proposition has established that
a local super Lie group will certainly exist. It will now be shown that a
topological group with a local superanalytic structure on a neighbourhood
of the identity can be given a (unique) global superanalytic structure mak-
ing it into a super Lie group. This is the analogue of a theorem familiar
from classical Lie group theory.

Proposition 9.3.4 Let G be a topological group and suppose that there
is a neighbourhood V' of the identity e of G on which is defined a function
Ye 1V — R?[& which is a homeomorphism of V' and its image (in the usual
topology on a finite-dimensional vector space). Then, if the product in G is
super analytic when expressed in terms of this chart, G can be defined in
Just one way as an (m,n)-dimensional super Lie group, such that the given
chart, when restricted to a suitable nucleus, belongs to the superanalytic
structure of G.

Outline of proof Let W; and W5 be neighbourhoods of e such that
WiWs € V and WlW{l C Wj. Then the global superanalytic structure
on G may be defined by the set of charts {(Vy,¢4)|g € G} with

Vy=Wag and t,(h) =V.(hg™"). (9.47)
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The proof that this set of charts will give G the structure of a super Lie
group is a straight forward generalisation of the classical proof.
The main theorem of this section can now be established.

Theorem 9.3.5 Let u be a (m,n)-dimensional super Lie module over
Rgs and L > n be a positive integer. Also let b be the even part of u
regarded as a 2Y=1(m + n)-dimensional Lie algebra. If Hry is a Lie group
with Lie algebra b, then H(r) has the structure of an (m,n)-dimensional
super Lie group over Rgr; with super Lie module wr).

Proof Lemma 9.3.3 and Proposition 9.3.4 together imply that H ) can be
given the structure of a super Lie group; also if X is the differential operator
X107 then {X;|i = 1,...,m+ n} is a basis of the super Lie module of u and

if constants C” ¥; are defined by

m—+n

(X, X,] Z C'k Xy (9.48)

then (using the notation of Lemma 9.3.3)
"y = 07X (0) = (=) H197(0). (9.49)

Hence the super Lie module of H |z is isomorphic to uz;. |

9.4 The super Lie groups which correspond to a given super
Lie algebra

In this section the results of the previous section are exploited to show that,
given a super Lie algebra g, a super Lie group H may be constructed with
super Lie algebra g. This is achieved by showing that the universal covering
group of the super Lie groups with super Lie module u = g ® Rg may be
constructed as the direct product of a Lie group with Lie algebra go and a
nilpotent Lie group.

Theorem 9.4.1  Suppose that g = go+ g1 is an (m, n)-dimensional super
Lie algebra. Let up, = Rgr) ® g and let by denote the even part of up,
regarded as a 2V~ (m + n)-dimensional Lie algebra. Then

(a) b = go ® ny where ny, is a nilpotent ideal in by,
(b) If G is the simply connected Lie group with Lie algebra go and Ny, is
the simply connected Lie group with Lie algebra ny, then a semi-direct
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product Hy, of G and Ny, can be defined which can be given the structure
of a super Lie group over Rgr) with super Lie module ur.

(c) For each L > n there is a map Fy, : Hip) — H{g4q1), such that the direct
limit H of (Hr,FL) has the structure of an (m,n)-dimensional super
Lie group over Rg with super Lie algebra g.

Proof (a) Let {X;li=1,...,m+n} be a super basis of u. Then
{Xwﬁ[u]ﬁ:1,...,m+n,H€ML|ﬂ} is a basis of bp. Now the
span_ of {Xpli=1,...,m} is a sub Lie algebra of b which is iso-
morphic to gg, while its complement nyp in by is the span of
{Xwﬁ[uﬂi =1,...,m+n,pu€ Mpj,p# @} which forms a nilpotent ideal

in f)L.
(b) A representation Adj, of go on g is defined by
Adj(X)Y =[X,Y] Xeg, Yeg. (9.50)

Since G is simply connected, this representation can be exponentiated to
give a representation 7 : G — (autg)o (where (autg) denotes the set of
even vector space automorphisms of g).

Next define 7’ : G — aut hr by

m'(g9)(aX) =am(9)X VaeRgy, Xeg, and geG. (9.51)

Then 7’ maps ny, into itself, so restricts to an automorphism 7"/ = #’
nr
of ny. Finally, since the exponential map from ny to Ny is an analytic

diffeomorphism, the representation 7" can be exponentiated to give a rep-
resentation o = exp (7”) of G on Ny. Now Hj, is defined to be the semi-
direct product Hy, = G x Ny, with respect to the representation «, that is,
H; = G x Np with group operation o defined by

(91,m1) © (92,m2) = (9192, m(g1)(n2)) . (9.52)

It will now be shown that H;, has the structure of a 2£~1(m-+n)-dimensional
Lie group with Lie algebra . First it is observed that Nz is homeomorphic
to RgL_l(er”)*m, since it is the exponentiation of a nilpotent Lie algebra
of this dimension; thus there is a global coordinate function n : Ny, —
R2" T (mAn)-m oy N 1 which is compatible with its Lie group structure.
Now let V,U,U; be connected coordinate neighbourhoods on the identity
e of G such that UU C V and UUl_1 C U. Let ¢. be an analytic chart
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on Uy, canonical with respect to a basis {X;|i = 1,...,m} of go. Then for
each g € G define

Ug = U1g
and ¢g4:U; — R™ hg — ¢c(h). (9.53)

Then the collection {(Uy, ¢¢)|g € G} forms an atlas on G compatible with
the Lie group structure of G [32]. Because the representation « is smooth,
the collection {(Uy x N, ¢4 X n)|g € G} is an atlas on Hy, = G x Ni, which
is compatible with its Lie group structure. The simplest way of establishing
that the Lie algebra of Hy, is h is to consider elements near the identity
in Hy. Let g; and go be elements of G and n; and nsy be elements of Ny,
and express these elements in terms of the exponential maps from gg into
G and ny, into N, respectively as

m m
g1 = exp <Z tx§®X¢> , g2 = exp (Z tx§®X¢> ,

=1 =1

m4n . m+n .
m [
ny = exp E g te =X, Ng = exp E E trg X
i=1 peM; i=1 peM;

L|i| L|i|

(9.54)

with xiﬁ,xgﬁ,t € R and Mj denoting the set of non-empty sequences in
ML. Then

m—+n .
a(gr)nz = exp | 7 (g1) Z Z trg X
i=1 peM;

Li|

m-+n
= exp (t Z Z

=1 peMj

m m+n

HEY Y D 0wl | Xk@,XjZHO(t?’)) (9.55)

k=1 i= 1HGMH



Super Lie groups 117

and thus

(91,7m1) © (92, n2)

= (exp (tZ(afl@ + 20 1t? Z a:]f@a:%@ [Xkp, Xj0] +O(t ))
i=1

1,j=1

m—+n
xexp< Z Z a:l —|—a:2 w

11H€MH

m—+n
LD IED DD D b vajV}'FO(tB))) (9.56)

i,j=1peMy . veMy

Lli| = Lijl

This establishes that the Lie algebra of Hy, is .

(¢) The explicit construction of Hj, shows that the natural inclusion
tr of Rgz) in Rg[z41) induces homomorphisms fr, : by — bry1 and Ff :
Hj; — Hp 41 such that the direct limit § of (hz, f) is a super Lie module
which satisfies

h=(Rs®g)o (9.57)

and the direct limit H of (Hyp, F) is a super Lie group with super Lie
algebra g. [ |

Further super Lie groups with super Lie module Rg ® g may be con-
structed in a similar manner, using other Lie groups whose Lie algebra is
g0, provided that there are smooth representations of these Lie groups on g
which induce the representation Adj, of go on g. In the following section,
where Kostant’s construction of super Lie groups in the algebro-geometric
framework is discussed, such representations play a central role, and are the
key to the relationship between the two approaches to super Lie groups.
Very similar arguments to those used in proving Theorem 9.4.1 lead to the
following proposition.

Proposition 9.4.2 Let G be Lie group with super Lie algebra g. Then
Glg), the body of G, is a Lie group with group operation defined by [g][g'] =
l99'] where [g] is the image of g € G under the projection G — Gp). Also
the Lie algebra of Gy is go-

The results of this section and the previous one reduces the classification
theory of super Lie groups to that of super Lie modules.
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9.5 Super Lie groups and the algebro-geometric approach
to supermanifolds

In the algebro-geometric approach, a detailed development of the notion
of super Lie group was given by Kostant [95], who used the terminology
‘eraded Lie group’. In this section the graded Lie groups of Kostant will
be described, and related to the super Lie groups of Section 9.1.

An (m,n)-dimensional graded Lie group is an (m,n)-dimensional
algebro-geometric supermanifold (G, A) with underlying manifold G an m-
dimensional Lie group and sheaf A of super algebras over G having the
product structure

A(U) =2 C*(U) @ AR") (9.58)

for all open sets U in G, with further algebraic properties which will now be
described. Associated to (G, A) is an (m, n)-dimensional super Lie algebra
g = go ® g1 with go, the even part of g, isomorphic to the Lie algebra of G.
Also, there exists a smooth representation 7 : G — (aut g)o such that

7. = ad] (9.59)

where adj denotes the adjoint representation of G on g obtained by expo-
nentiating the action Adj of gg on g defined by

Adjy Y =[X,Y] forall X egyYeg. (9.60)

This representation typifies the graded Lie group in the sense that two
graded Lie groups (G, A) and (G, A’) with the same underlying Lie group
G and super Lie algebra g are isomorphic if and only if A and A’ are
isomorphic sheaves and the representations of g determined by A and A’
are equivalent. As a consequence of this definition the sheaf A has a very
interesting characterisation in terms of Lie Hopf algebras which is described
in detail in [95].

In the remaining part of this section it is shown how Kostant’s concept
of graded Lie group relates to the super Lie groups of Section 9.1, more
precisely, given a graded Lie group (G, A) with super Lie algebra g it is
shown that a (unique) super Lie group G can be constructed whose body
is G and whose super Lie module is Rg ® g. As a supermanifold, the super
Lie group G is the supermanifold constructed from (G, A) according to the
procedure developed in Section 8.4.
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The first step is to construct an atlas of charts on GG. Suppose that V, U
and U; are connected coordinate neighbourhoods of the identity e of G such
that UU C V and UUl_1 C U. Let ¢, : Uy — R™ be an analytic coordinate

map on Uy which is canonical with respect to a basis {X;|i =1,...,m} of
go. For each g in G define U, = U, g and coordinates on Uy by
¢g: Uy —R™,  ¢g(h) = de(hg™"). (9.61)

Then the collection {(Uy,¢g4)|g € G} is an analytic atlas of charts on G
which is compatible with the Lie group structure [32]. The super Lie group
G will now be constructed by patching sets Sy,9 € G with transition func-
tions 744/, 9,9" € G, where

Sq = (em,n)il (¢g(Ug))
and  7gq : (em,n)_l (b (UgNUy)) — (em,n)_l (¢q(Ug MUy ))

o —

. i g ~1 .
with 71 —qbgoqbg,, i=1,....,m

and " (2;6) = ¢, J=1..n. (9.62)

Now let H be the super Lie group with super Lie module Rg® g constructed
from G and the representation of m by the method of Theorem 9.4.1. The
next lemma shows that H (qua supermanifold) is superdiffeomorphic to the
supermanifold Y (G, A) constructed from the algebro-geometric superman-
ifold (G, A) by the construction of Section 8.4.

Lemma 9.5.1 Y (G, A) and H are superdiffeomorphic.

Proof This lemma is proved by showing that an atlas {(Vy, )9 € G}
can be defined on H such that ¢4(V;) = Sy and 94 o @[1;1 = Tg¢'- Recall
that ¢, is a coordinate map on a neighbourhood U; of the identity e of G,
canonical with respect to the basis {X1, ..., X,,} of go. With the notation
of Theorem 9.4.1, the analytic chart (U; X N, ¢ X 1) on the neighbourhood
Ui x N of the identity of H = Gx N can be used to construct a superanalytic
chart (U; x N,.) by the method of Lemma 9.3.3. Now let

Vg =Uygx N
and wg:Vg—>R7Sn[’L”]

with g (29, 1) = 1 ((2,n) - (9,€')) = e (2, 1) (9.63)
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where €’ is the identity of N. Then the atlas {(Vy¢,4) |g € G} defines the
(unique) superanalytic structure on H with respect to which H is a super
Lie group.
Also
1bg(vg) =" ((bg(Ug) x n(N))

= (emn) " (0g(Uy)) - (9.64)

Now v, (V, NVy) # 0 if and only if gg'~' € U. Hence if ¢ = (a;) is an
element of ¢, (V; NV, ) then ¢ = 9 (x,n) for some x € Uy and n € N.
Thus
Pg 0 ¢;1(C) =1tgo ¢;1 o Ye(z,m)
=1y(zg’,n). (9.65)

Hence, for 1 =1,...,m,

¥ oy () = ¥l (g, m)

1

=i(zg'g~ " n)

=¢l(xg'g N1+ D nE(n)B

EGM:L,O

= (b; o (bg_/l o ¢e($)]_ —+ Z nlﬁ(n)ﬂ[ﬁ] . (966)

peMZ

Alsofor j =1,...,n

lovy )= Y. B (9.67)

vEMy 1

However 1, owgil is a superanalytic function and so by Theorem 4.2.4 there
exists a unique C™ functions f*2 : ¢y UgNUy) =R, E=1,...,m+n,
W € My, x| such that

oyl = 3 F(a)a,. (9.68)

HEMn k|
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However
¢ = e(x, 1)
= (oH@)1+ D OB S @D 0 ) By
PEMp 0 BEM:, o
> nE)G s Y )G ) (9.69)
HEMp 1 BPEMn 1

and comparison of (9.68) with (9.65) and (9.66) shows that fori =1,...,m
and j=1,...,n

[ =0t FE=0 if pu#0
=1 it p=(j), fL =0 otherwise
so that
byt = ¢1 e
and ) o9t (c) = I (9.70)

9.6 Super Lie group actions and the exponential map

In this section the exponential map of the even part of the super Lie module
of a super Lie group is defined; this construction is very similar to the
classical exponential map of the Lie algebra of a Lie group, and leads to one
parameter subgroups also in close analogy with the classical case. The novel
feature of the super setting is that the exponential map also leads to (1,1)
parameter sub super groups with elements of the form exp ([E,E]t + 72)
where = is an odd element of the super Lie module. These construction
are used to show how a super Lie group action on a supermanifold induces
a vector field on the manifold corresponding to each super Lie module
element. Throughout this section G is a super Lie group with super Lie
module u.

As in the classical case, the exponential map is constructed from the
local one parameter group of local transformations corresponding to a given
even vector field (c.f. Remark 6.5.7), in this case an even element of u.
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Definition 9.6.1 Let X € ug. Suppose that ¢ : I, x U — U, where U is
a neighbourhood of the identity e of G and I, = (—a,a),a > 0 is a local 1
parameter group of local transformations induced by X. Let N be a positive
integer such that N > |1/a|. Then the exponential map exp : up — G is
defined by

exp (X) = (%e)N. (9.71)

Very much as in the classical case, the exponential map can be shown to
satisfy

exp ((s +t)X) = exp (sX) exp (tX) (9.72)

for all s, € R, so that (9.71) gives a definition of exp (X') which is indepen-
dent of the choice of N and {exp (tX) |t € R} is a one parameter subgroup
of G.

One might naively expect an odd analogue for an element = of u,
with subgroups consisting of elements exp (E7) with 7 an odd parame-
ter. However, since in general [Z,Z] # 0, it is not in general true that
exp (0Z) exp (=) = exp ((¢ + 7)=), the true result being

exp (0E) exp (TE) = exp (—307 [E,E] + (0 + 7)) (9.73)

and there is in fact a (1, 1) parameter sub super group consisting of elements
of the set {exp t[EZ+718) |, 1) € R}g’l}.

Proposition 9.6.2 Let = be an odd element of the super Lie module u
of the Lie group G. Suppose that ® : (e1,1) ' (I,) x U — U, where U is a
neighbourhood of the identity e of G and I, = (—a,a),a >0, is a local (1,1)
parameter group of local transformations induced by =. Let N be a positive
integer such that N > |t/a|. Then a family of maps w1 — G indexed by
]R};’l is given by the prescription

N
exp (t[E, 5] + 75) = (%,% e) . (9.74)
These maps satisfy

exp (t[Z,E] + 7E) exp (s [E, E] + 0F)
=exp((t+s+07)[EE+(7+0)

m

(9.75)

for all (s,0), (t,T) in R}q’l.
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This result follows directly from Theorem 6.5.9.

Finally the use of the exponential map to define a vector field on a space
where G acts corresponding to an element of the super Lie module u of G is
described. Suppose that F is a right G-space, that is, it is a supermanifold
which carries a supersmooth right G action (p,g) — pg, g € G,p € E. In
the case of even elements of u, the construction is essentially the same as
the classical one, while odd elements require the (1, 1) parameter subgroups
following from the preceding proposition.

Definition 9.6.3

(a) If Y € ug, the fundamental vector field on E corresponding to Y is
defined by

v,f=Sweomy) (9.76)

=0
forp e E, f € G*(F); also

(b) if and = € u; the fundamental vector field on E corresponding to = is
defined by

(9.77)

a9 oF
2= (E —l—TE) flpexp (t[E,E] + 7))

(t,7)=(0,0)

forpe E, f € G®(E) .
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Chapter 10

Tensors and forms

As in classical differential geometry, there are two equivalent ways of defin-
ing a tensor on a supermanifold. One is to use the bundle of super frames,
described in Section 12.2, defining various classes of tensors on an (m,n)-
dimensional supermanifold as cross-sections of the associated super bundle
of the bundle of super frames corresponding to representations of its struc-
ture group GL(m, n;R). The other approach, which is briefly described in
Section 10.1, uses the tensor algebra of the vector fields on the supermani-
fold. General tensors are described and then in Section 10.2 the notion of
Berezin density, which generalises the standard notion of density, is intro-
duced. The extension of differential forms to the super setting can be made
in more than one way. Section 10.3 considers exterior forms, which are
a graded analogue of classical differential forms, while Section 10.4 intro-
duces mixed covariant and contravariant tensors, referred to as super forms,
which were introduced by Voronov and Zorich [156] and are important in
integration theory.

Throughout this chapter U is an open subset of an (m,n)-dimensional
supermanifold M. The constructions can be understood in either the con-
crete or the algebro-geometric language; in general they are presented in
G form, restrictions to H*® are normally straightforward.

10.1 Tensors

The concept of vector field was introduced in Chapter 6, and forms the
basis of the construction of tensors which will now be described. A tensor
on U is an element of the tensor algebra of D(U); this tensor algebra has
three degrees, the usual Z @ Z degree corresponding to the contravariant
and covariant degree and the Z, degree which arises in the super setting.

125
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The definition of an r-covariant tensor on U will be given explicitly.

Definition 10.1.1  An r-covariant tensor on U is a mapping
a: (DU)) = G®U), (X1,...,Xy) = (X1,..., X )
which is G*°(U) multilinear in the sense that
(X1, fXi,... Xo|a) = (—DVIES XD foxy 0 X ) (10.1)

for all fin G*(U) and i =1,...,r. The set of r-covariant tensors on U is
denoted T"(U).

The space of covariant tensors has a natural right G*°(U) module structure
given by

<X1,...,in,...,XT|Oéf> = <X1,...,in,...,XT|Oé>f. (102)

A Z5 degree can be put on the space of covariant tensors in the standard
way, that is, |o| = 7 if
ks

(X1, Xela) [ =) |Xi[+i modulo 2 (10.3)

=1

for all X1,...,X, in D(U).

One-covariant tensors are as in the classical case known as one-forms;
the space of one forms is denoted Q! (U). If U is a coordinate neighbourhood
with local coordinates (x!,...,2™;¢&1 ..., €") then Q1(U) is a free G (U)
module with super basis {dxl, oo damder, ,df"} where

O 1w =5 {9 |qe) = 0 | 4a? ) = 0
<8a:1' dx>—5i,<axi d§>—0,<8§i dz? ) =0, g

Contravariant and mixed tensors can also be defined.

d§j> =7
(10.4

10.2 Berezinian densities

On a classical manifold the notion of tensor density can be useful in the
context of integration. For an (m,n)-dimensional supermanifold the anal-
ogous object is one with a single component in a given coordinate system
which transforms according to the superdeterminant of the (m,n) x (m,n)
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matrix

(axg/axg 8%2/3%) (10.5)

9L, /0xly D€L0
whose entries are derivatives of the coordinate transition functions from
a chart (V, o) to a chart (Vg,13) (with corresponding local coordinates

(xa;€a) and (zg;&g) respectively). This superdeterminant, which is the
super analogue of the Jacobian, is known as the Berezinian and will be

written Ber (%) or Ber (1% °© ¢El)

Definition 10.2.1 A Berezinian densily w is an object which in each
local coordinate system (V,, %) has local representative wq(z4;&q), with
local representatives for (Vy,%4) and (V3, 1) related by

Wﬁ(ma; fa) = wa(ma; fa)Ber <§Z:§Z,> (106)

on V, NV;s.

A more complete and formal definition of Berezinian density is given in
Definition 12.2.2. Examples may be found in (12.14) and Section 13.2.
The Berezin densities on a supermanifold define a sheaf over Mg which is
denoted Ber.

10.3 Exterior differential forms

In this section the graded analogue of differential forms are constructed
largely following the work of Kostant [95]; the exterior product and exterior
derivative are defined. Such forms are not used in the standard integration
theory on supermanifolds, and do not (in the smooth setting) have de Rham
cohomology which encodes any more topological information than that of
the underlying manifold. However they have been applied in an interesting
and powerful way by Howe, Raetzel and Sezgin in [77] to construct actions
for super membranes using the superembedding technique, as is described
in Section 13.3. The tensors constructed in this section are covariant graded
antisymmetric tensors, and will be referred to as exterior forms when nec-
essary to distinguish them from the super forms introduced in the following
section, which have mixed covariant and contravariant properties and do
relate to the standard integration theory on a supermanifold.

The basic concept is a p-form, which will now be defined.
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Definition 10.3.1 Let p be a positive integer. A p-form on U is a
p-covariant tensor o on U which is graded antisymmetric, that is, for
Xi,...,Xp,inDU)andi=1,...,p—1

(X1, X1, X1, X, . Xy @)
= (—].)‘XiHXi_ll—,—l <X1, e ,Xifl,Xi,Xile, .. Xp| a> . (107)

The space of p forms on U is denoted QP (U).

This definition is consistent, in the case where p = 1, with the concept of
one-form introduced in the previous section. Because these tensors satisfy
a graded antisymmetry condition, there is no longer any upper limit on the
degree of a form and the full space of forms can be defined to be

QU) = é QP (U) (10.8)
p=0

with Q°(U) = G*°(U). This space is bigraded, with a Zy degree coming
from the super algebra aspect and a Z degree from the form. An operation
of exterior multiplication will be defined which gives Q(U) the structure of a
bigraded commutative algebra, and an operation of exterior differentiation
will be defined which is a bigraded odd super derivation on this algebra.

Definition 10.3.2 Let p and ¢ be positive integers and « be a p-form
and 0 a ¢g-form on U. Then a A § is defined to be the mapping

aAB: (D) - G*U

(X1yeos Xpag) o 3 (DTN Xe)HBIX) (3, | 0) (X e | B)
AEMp 4
(10.9)

where if A = (A1,...,\;) is a multi index in M, 4, then A\ is the comple-
mentary multi index, Xy = (Xy,,...,Xy,) and |[Xy| = Zle | X, |- Also
o(Xx, Xae) =Y (1 +|X,||X,|) where the sum is over all pairs (r,r’) in
A x XN where r > 7'

This product can be extended to a product on all of Q(U) by defining
multiplication by zero forms to be the right G*°(U) module action (10.3).
The key algebraic properties of this product are gathered in the following
proposition. The proof is omitted since it is a reasonably straightforward
generalisation of the standard case. Details may be found in [95].

Proposition 10.3.3  With the notation of Definition 10.3.2
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(a) oA B is ap+q-form and |a A G| = |a| + |B].
(b) The exterior product is associative.
(¢) The exterior product is bigraded commutative, that is

aAf=(=1)retlellBhg A o (10.10)

If U is a coordinate neighbourhood then a p-form « can be expressed as
p . .
a= > dX7 A AdXRag, g, (10.11)

j1=1...4p=1
J1<--<djp

where o, ;, € G*(U) and dX* are as defined in (10.4).

The exterior derivative can now be defined by the following theorem,
which establishes both its existence and its properties. Again the proof
is omitted because of similarities with the proof of the analogous classical
result. There are many different routes to this construction, here that of
Sternberg [147] is followed.

Theorem 10.3.4  There exists a uniquely defined map d : Q(U) — Q(U)
such that

(a) d(aq + a2) = dag + dae
(b) dlanpB)=daAB+ (-1)Pandl if a € wP(M)
(c) If f is a zero-form, df has a well-defined expression in local coordinates

N~ i OF N~ OF
df = ;dx o +;d§7 (10.12)

€I

(d) d(df) = 0.

This definition immediately shows that if U an open and connected subset
of M and f € G*(U) then df = 0 if and only if f is constant.

On a classical manifolds differential forms encode a considerable amount
of information about global features of the manifold. Much of this informa-
tion comes via integration and Stokes’ theorem. There is no direct analogy
of this situation on a supermanifold, for a number of reasons. To begin
with, the theory of integration is rather different. It is possible to inte-
grate p forms over p chains almost exactly as in the classical setting (with
p chains defined in terms of maps of simplices in R? into the superman-
ifold) but the results do not seem to convey global information beyond
that relating to the body. (However such integrals do have applications to
superembeddings, as is explained in Section 13.3, and so they are defined
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in Section 11.7.) Related to this is the fact that the de Rham cohomol-
ogy groups of a smooth supermanifold are simply those of the underlying
manifold, as will be demonstrated below. A notion of super contour inte-
gration has been introduced in the context of super Riemann surfaces; this
is described in Chapter 14, but the objects which are integrated are not
exterior forms, instead they are examples of the super forms described in
the following section.

Given that the data of a smooth supermanifold is that of a vector bundle
over the underlying manifold, the following de Rham theorem, due origi-
nally to Kostant [95], is perhaps not surprising.

Theorem 10.3.5 The de Rham cohomology of H> forms on the super-
manifold M is isomorphic to that of the underlying manifold M.

(The restriction to H is for simplicity. Because of Batchelor’s theorem
8.2.1 the effect of extending to G* would simply be a tensor product with
Rs.) This result is proved in two stages; first the Poincaré lemma is proved
for a supermanifold.

Lemma 10.3.6 Suppose that U is a contractible coordinate neighbour-
hood of M and that o € QP (M) (with p > 1) satisfies da = 0. Then there
exists 3 € QP~LH(M) such that d3 = «.

Outline of proof The space Q(U) may be decomposed as
QU)=C®D (10.13)

where C' = Q(Up)) ® Rs and D = A(R") ® S(R"), the decomposition
corresponding to expression of a form in QP(M) as a sum of terms of the
form

fira(@)da™ . oda" @ gj,, .5, (O)AERTT L dE (10.14)

with d acting as djg) ® 1 & 1 ® dg where dg denotes the exterior deriva-
tive on Q(Ujp)) and dy denotes the standard derivative of the Koszul com-
plex A(R™) ® S(R™). Since this complex is acyclic and Q(Upg) satisfies the
Poincaré lemma, the result is proved. |

Proof of Theorem 10.3.5 Using a partition of unity as in Theorem 4.8.1
shows that the sheaf Uggy — QP(U) is flasque (or flabby); thus the exterior
derivative defines

= P(U) - PTHU) — .., (10.15)



Tensors and forms 131

a flasque resolution of the constant sheaf, so that the de Rham cohomology
of (M) is isomorphic to the Cech cohomology of Mg with coefficients in
Rg.

10.4 Super forms

A super form is an object which has a double degree, being partly covariant
(and graded antisymmetric) and partly contravariant (and graded symmet-
ric). The motivation for considering these objects arises from the desire to
find the appropriate notion of ‘top form’ on a supermanifold, in particular
an object whose single component will transform by the Berezinian or su-
perdeterminant under change of basis of the tangent space. The simplest
notion might appear to be to define an (m,n) super form on an (m,n)-
dimensional supermanifold to be an object V' written in local coordinates
as

) 1 m 0 0

V=V(x&)de A---ANdx ®8—§1/\“./\@ (10.16)
declaring that the component V' (x; ) transform by the Berezinian. This of
course leads to the notion of Berezinian density as defined in Section 10.2,
which, while useful in some contexts, does not provide an entirely ideal or
complete integration theory, as will emerge in Chapter 11. It does however
provide a reasonably workable theory in many applications, for instance in
defining actions of supersymmetric theories; examples of this are given in
Section 13.2. However for a more complete theory of integration a more
general notion of (r,s) super form on an (m,n)-dimensional manifold for
any (r,s) with < m and s < n is required. Unfortunately there does not
seem to be any construction that allows a full analogue of conventional inte-
gration together with its geometric and topological applications, although
many features can be achieved, and there are a number of more or less
equivalent versions with varying notation and terminology.

The naive definition of (r, s) super form is a (r, s) tensor which is graded
antisymmetric in the r covariant slots and graded symmetric in the s con-
travariant slots; the difficulty is using such an object in theory of integration
is that there is not always a well defined pullback of such an object from the
supermanifold where it resides to a standard super simplex. In Section 11.4
one alternative notion of super form, due to Rothstein [133], where the
contravariant part of the tensor is replaced by a differential operator, is
described and related to the Berezin integral.



132 Supermanifolds: Theory and applications

An elegant and powerful notion of super form, which lead to a consid-
erable advance in the geometric theory of integration on supermanifolds,
was introduced by Voronov and Zorich [156] and is further developed, and
described in detail, in the book of Voronov [153]. The theory of super forms
leads to a notion of (r, s) super form on an (m, n)-dimensional manifold for
any values of r and s with » < m and s < n. In seeking to construct
a super form, an approach to classical differential forms must be found
which can be generalised to the super setting in an appropriate way. The
insight of Voronov and Zorich was that, rather than using representations
of GL(m,n) (generalising the use of representations of GL(m) for classi-
cal forms), to recognise that the important feature of a p-form is that it
can be integrated over a p-dimensional surface, and that this aspect was
the appropriate characteristic to generalise. Thus the notion of super form
involves an integrand or (in the terminology of [153]) a Lagrangian.

Suppose that ¢ : I? — M is a smooth and proper map of the unit
p-cube I? into an m-dimensional manifold M, so that it defines a pa-
rameterised p-dimensional surface in M. (The unit p-cube is the set
{t: (..., tP)0<t* <1l,a= L...,p} C RP.) Then, if w is a p-form
on M, the pull-back o*w has the form

crw(t) = L (z*(t), 25 (t)) dt' A Adt? (10.17)

at a point ¢t € I? where o(t) = ('(t),...,2™(t)) in some local coordinate
system z on M and i = gT””:. The function £, whose domain is a subset
of R™*T™P_ satisfies

2 2
oL [ L _,. (10.18)
0ii0i]  0ddid,

p
E(xi, ZgZ;ic?,) = det(gb)L(z",21) . (10.19)

b=1

These two properties are the aspects of the ‘Lagrangian’ obtained from the
p-form w which are generalised to give the concept of super form. In the
classical setting, these properties hold not simply for pull back of forms on
M, but also for more general objects such as densities on p-dimensional
surfaces in M. These ideas lead to the notion of super form which will now
be developed.

The full definition of a super form requires the notion of jet bundle. It
will be sufficient to consider only trivial bundles, but bundle terminology is
used since this is conventional in this context. For a slightly more informal
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definition the reader may simply use (10.25) and the sentence which follows.
Definition 10.4.1

(a) The unit (r,s)-cube I™* is the set (e.5) *(I"). A typical point is de-
noted

T=(t7)= 4. . 5t ) = (T, ..., T"). (10.20)

(b) Cousider the trivial bundle I™* x M over I™* where M is an (m,n)-
dimensional supermanifold with m > r and n > s.

(i) Two sections f and g of I"™*x M are said to have first order contact
at T € I"™*® if they have the same value, that is f(T') = g(T"), and
for all tangent vectors Y in Tp1"™°

f*Yf(T) = g*Yrg(T) . (1021)

(ii) The equivalence class containing f is denoted jif and is called
the first jet of f. The set of all equivalence classes of sections with
value u at T is denoted Jz, (I™* x M).

(iii) The total space of the first jet bundle of I™* x M is

THI™ % M) = Ugnermexmd b (I x M), (10.22)

(¢) A jet f issaid to be proper if in any coordinate system the rank of the

ag;m li=1,...n,a=1,... s) is s. (Here local coordi-

n X s matrix (
nates on M are used to define the components of f, and a cross section
of the trivial bundle I™* x M is simply regarded as a mapping from
I™% into M.) The total space of the first proper jet bundle of I™* x M
is denoted Jp'(I™* x M).

The first jet bundle is a supermanifold of dimension (m+mr+ns,n+ms+
nr). It has local coordinates

(XL, XHi=1,...,m+n,a=1,...,7+5) (10.23)

corresponding to local coordinates X* on M and T on I"™*. (In the lan-
guage of classical mechanics, the jet bundle is the configuration space, with
X being position and X velocity.)

Now, generalising the features of the pull-back of a classical from de-
scribed above in such a way that the role of the Jacobian is played by the
Berezinian, a super form can be defined in the following way.
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Definition 10.4.2 Let U be an open set in M. Then an (r, s) super form
on U is an equivalence class of triples (L4, %) where 1, is a coordinate
system on I™* and L, is a supersmooth mapping

Lo JpH(I™ x U) — Rg (10.24)
and (La, ¥a) ~ (Ls, 1) if and only if
Ls(X*, X} ) =Ber (dgov;") La(X), X! ). (10.25)

In local coordinates a super form is thus represented by a single component
L (X Z,X}l) which transforms according to the Berezinian of changes of
coordinate on I™°. In Chapter 11 the integral of a super form will be
constructed.

Super forms pull back under mappings between supermanifolds, because
jets push forward: suppose that if h : M — A is a supersmooth mapping
of supermanifolds and f and g are two mappings of I"™° into M which have
the same one jet on I™® x M. Then ho f and h o g have the same one jet
on I™* x N. Thus the push-forward of j!f by h can be defined by

ha(3'f) = 3" (ho f). (10.26)

This leads to a definition of pull-back of a super form on N to a super form
on M. This is defined using local coordinates on I"™*, so that the pull back
of L, via h is h*L, where

W La(j) = La(he]) . (10.27)
The exterior derivative of the (r, s)-form £ is the (r +1, s)-form defined
by

- 0
ALa = (17X, 57
In Chapter 11 the notion of super form will allow a geometric integration
theory for supermanifolds which contains some of the features of geometric
integration on manifolds.

Xi (X' X0 ). (10.28)



Chapter 11

Integration on supermanifolds

It is with integration that the differences between conventional analysis
and superanalysis become most pronounced. There are various features of
functions of anticommuting variables which suggest that the extension of
classical integration theory to the super setting will not be straightforward.
One difference arises when considering integration as the inverse of differ-
entiation, because there exist functions of a single anticommuting variable
which are not the derivative of any function. (An example of such a func-
tion is f(§) = £.) Another difference is that it is the superdeterminant
defined in Section 2.3 rather than a determinant that has the multiplica-
tive property; this suggests the use of objects which transform under change
of coordinate by the superdeterminant of the matrix of coordinate deriva-
tives (usually referred to as a the Berezinian), objects which are not simply
exterior differential forms.

The starting point is the Berezin integral over anticommuting variables,
defined in the first section of this chapter. This integral is algebraic, and
does not appear to have the elementary properties of an integral. It is not
an antiderivative (indeed it more closely resembles a derivative) and it has
no measure-theoretic interpretation, perhaps not surprisingly in view of the
DeWitt topology with its all or nothing approach to the odd sector. The
justification for the definition is its usefulness — which appears in many
areas — and its ability to combine with standard integrals of commuting
variables to give an integral whose transformation properties involves the
Berezinian superdeterminant, leading to an elegant theory of integration at
least on compact supermanifolds.

The first section of this chapter considers integration on the purely odd
superspace Rg’”, while in Section 11.2 this integration is combined with
standard integration on R™ to give a theory of integration on Rg"", includ-

135
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ing a transformation rule for G*° change of coordinate. This transformation
rule is valid only for functions which have compact support or tend to zero
sufficiently rapidly on the boundaries of the region of integration. In the
following section the theory of integration over compact supermanifolds,
which has been known in a complete and consistent form for some years
(see [99] and references therein) is described. This theory makes use of the
rule for change of variable for integrals on R,

Various versions of integration using contour integrals for the even
part have been developed to cover the situation where the integrand does
not vanish on the boundary of the region concerned [43, 121, 151], but
the approaches adopted by Rothstein and Voronov seem more effective.
Section 11.4 contains an account of Rothstein’s approach to integration
on non-compact supermanifolds. Voronov’s geometric integration theory,
which uses the super forms constructed in Section 10.4, is described in
Section 11.5.

An exception to the general outlook of integration on supermanifolds
occurs in (1, 1) dimensions, where integration on supercurves has analogues
of both the measure-theoretic and antiderivative aspects of conventional
integrals, as is described in section Section 11.6. In Chapter 14 this leads
to a theory of contour integration on super Riemann surfaces. One may
speculate that higher dimensional analogues of this approach would lead to
a full geometric theory of integration on supermanifolds.

Finally, a theory of integration of exterior forms is presented. This is
very simple, but finds useful application in the superembeddings approach
to supersymmetric extended objects discussed in Section 13.3.

11.1 Integration with respect to anti commuting variables

The theory of integration on the purely odd superspace R%" is based on
the following definition:

Definition 11.1.1  Suppose that f is a G*° function of Rg’" into Rg
with

F(E, €M) = f1 &Y. €™ + lower order terms. (11.1)

Then the Berezin integral of f is defined to be

/d”éf(fl, €M) = frme (11.2)
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Applications of the Berezin integral include the construction of invariants
for supersymmetric theories (c.f. Sections 13.1 and 13.2), where it is im-
portant that G*° functions are used rather than simply H*° functions. It
is possible to extend the Berezin integral to include functions f whose ex-
pansion coefficients f,, take values in a more general algebra than Rg. It is
hard to give an a priori motivation for this integral, but it may immediately
be demonstrated that it has several useful properties closely analogous to
those of conventional integrals, which will now be demonstrated, beginning
with the translational invariance of the integral.

Proposition 11.1.2  If f is a function in GOO(R%"), and 1 is an element
of Rg’”, then

[aerern= [aere. (11.3)
Proof Suppose that
F(&) = fr. n(€h...€") + lower order terms. (11.4)
Then
FE+n) = frn(€ ... +g(&n) (11.5)
where g(£,n) has no term of top order in ¢. Hence
[aerern=rin=[rese. (11.6)
|

The next proposition contains the integration by parts formula.

Proposition 11.1.3  Suppose that f and g are in G”(R%n), Then

/dngfajo = (-1l /d"fajof g. (11.7)
Proof By the graded Leibniz rule Theorem 4.4.1(d),
o(t9) = f 079+ (~1)V10Pf 9. (11.8)

Also, since the expansion of 8j0( f9)(€) in powers of £ can have no top term,

/d"f (fg) =0. (11.9)
]
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It will next be shown that a Fourier transform can be defined which
leads to a Fourier inversion theorem.

Definition 11.1.4 If fisin G‘X’(Rg’"), then the Fourier transform of f
is the function f of RY™ into Rg defined by

f(p) = i1 / dp exp(—ip- €)f(€) (11.10)

where p- & =31 pl¢l.
The content of the following theorem is that the Fourier transform defines
an involution on G (R%™).

Theorem 11.1.5

(a) The Fourier transform f of a G function f is itself G™.

(b) Iff denotes the Fourier transform of the Fourier transform of f, then
f=r (11.11)

Proof

(a) Since the integrand in the defining equation (11.10) is a power series
jointly in p and &, the integral itself will be a power series in p, so that
f must be G*°.

(b) Explicitly calculating,

f( /d" d"§ exp(—in - p) exp(—ip - &) f(§)

=i /d"f(—l)" n=1)/2jn H . (11.12)
Using Proposition 11.1.2, it can be seen that
flny = i+ (- ><"22”)/d"£f[5jf(§+n)
= f(n) B (11.13)

as required. ]

The Fourier inversion theorem can be used to give an explicit construc-
tion of the kernel of a differential operator on G*° (Rg’”), with kernel defined
in the following way.
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Definition 11.1.6 Suppose that K is a differential operator on
G®(RY™). Then the integral kernel of K is the unique G™ function
Ker K (1,€) on RY*™ such that

KF(€) = / "y Ker K (n,€) (). (11.14)

A differential operator on G>(R%™) may be expanded as

K=Y Y K& (11.15)

PEM, vEMy,
This expansion enables one to construct the integral kernel of K.

Proposition 11.1.7 The integral kernel of the operator K defined in
(11.15) is the function Ker K on RZ*" with

~n2 V
Ker K (n,£) = i / p Y Y iKY exp(—ip- (n —£)),
BPEM, vEM,
(11.16)
where £(v) denotes the number of terms in the multi-index v.

Proof Since, by Theorem 11.1.5,
e =i’ / & pdnexp(—ip - (7 — €)F(n).
K(€) = / dpdmy 3 ST O K e exp(—ip- (1 — €)1 ().
EGM veM,

(11.17)

It is evident from this construction that the kernel of a differential oper-
ator is always G*°. A particular example of an integral kernel is the §
function which is the kernel of the identity operator. Using the preceding
proposition, it may be seen that the function

3 —¢&) =i /d"pexp(—ip- (n—9)

H 0t — &%) (11.18)
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satisfies the defining property of the delta function, that is,

/ & 3(n - €)f(n) = (). (11.19)

These constructions play an important role in fermionic path integrals, as
will be seen in Chapter 15.

A differential operator is a linear operator on G (R%") regarded as a
(27~1 27=1) dimensional free Rg module. It may readily be shown that
integration of the kernel of K at coincident points gives the supertrace,
that is

StrK = /d”éKerK(&ﬁ), (11.20)

while the standard trace may be obtained from the formula

TrK = /d"gKerK(g, —£). (11.21)

11.2 Integration on Rg""™

The first step in building a theory of integration on supermanifolds is to
define an integral on open subsets of R"", together with a rule for trans-
forming the integral under G*° change of coordinates. The key definition,
essentially due to Berezin, defines an integral over an open set U in R"" in
terms of a Berezin integral over anticommuting variables together with an
ordinary integral over the body Ujg of U. This definition leads to a good
transformation rule, involving the super determinant of the matrix of the
coordinate derivatives, but one whose validity is restricted to functions with
compact support or sufficiently fast decay. In later sections of this chapter
the integration theory of this section is applied to compact supermanifolds,
and then some alternative (but related) approaches introduced to handle
the more general case.

Definition 11.2.1  Let U be open in RY""™ and f : U — Rg be G*.
Then the integral of f over U is defined to be

/dmxd"gf(a:l,...,x’n;gl,...,g”)
U

:/ d™z (/d“gf(xl,...,xm;gl,...,gn)) (11.22)
Ula)
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where the integration with respect to 2',...,2™ is evaluated as a standard
Riemann integral, that is, each coefficient in the expansion of f; ., in terms
of Grassmann generators is evaluated as a Riemann integral, the integral
being defined only when each of these integrals separately converges.

A simple example will now be given to illustrate this definition.

Example 11.2.2  Suppose that V = (0,1) C R and that U = (e12) "' (V).
Also let

f:U—Rg
(236", €%) v 2€' + 102672 (11.23)
Then
1
/ daz d%¢ f(x; €1, 6%) = / dz 10z = 5. (11.24)
U 0

An important theorem, showing how the integral behaves under change of
variable, will now be presented. The result was originally presented by
Leites (in the slightly restricted context of H* supermanifolds).

Theorem 11.2.3  Suppose that U is open in Rg""™ and that H : U — R
is a superdiffeomorphism of U onto its image H(U). Also suppose that
f:HU) — Rg is G* and that the support of f is compact and contained
in HU). Then, if H(z;§) = (yin),

/ o, VS = [ e eBe @) (fo M) (12)
where
2 (2:6)  GL(w;8)
P(w;6) L (x:6)
Proof As a consequence of the chain rule, if H; and Hs are superdif-

feomorphisms of open subsets of R with the image of H; equal to the
domain of Hs, then

Ber(H)(z;€) = sdet (11.26)

Ber(H; ) Ber(H,) = Ber(Hs o Hy). (11.27)

Also, any superdiffeomorphism H of an open subset of Rg"
composed as H = Hs o H; where Hq has the form

Hy(x;8) = (h1(2;6);6), (11.28)

may be de-
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with hy a function taking values in R’;’O, and Hs is of the form

Hy(z;6) = (z; ¢2(x;6)) (11.29)

with ¢2 a function taking values in R%’". It is thus sufficient to prove the
theorem for functions of each of these two types.
Suppose that H is of the form

H(z;€) = (h(x;£);€), (11.30)

where h : Rg" — ]Rgl’o. Then

Ber(H)(z;€) = det <g§) (x;€). (11.31)
Thus if
Flyim) = D fulyms, (11.32)
EEMn
then
/dPdenf(y;n)=/ 47y f1..a(y) (11.33)
U (eém,00h)(Upg))
while

/Udmxdng Ber(H)(z;€) (f o H)(x;€)
= /U[m d"x % . 8%1 (det (%) (x;g)f(h(x;ﬁ);ﬁ))
_ /U[m Ay <f1wn(h(x;0))det (%) (2;0)

+%"'a%l< > fﬁ(m)gﬂdet<%)(x;g)>>. (11.34)

PEMy,|u|<n

Now, by standard results for integration on R™,

B

oh
dm n(h(x;0))d - :0) = d™y f1. n(y). .
AR LS (55) @o= [ o, 0 Fnlw): (135

Also, it can be shown by explicit calculation that the second term on the
right hand side of (11.34) is the integral of a total derivative, and thus
(because of the condition on the support of f) this term must be zero. This
establishes the result for the case when the function H has the form Hj.
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Turning now to the other case, suppose that
H(z;§) = (z; ¢(2; ). (11.36)

It must be shown that

m n . . m n . . 1
| arearas@n = [ ameae fasota) (] (11.37)

g7

This may be shown by expressing the function ¢ as a combination of n+1
steps, ¢ = ¢1 0--- 0 ¢py1 where for r=1,...,n, ¢, is of the form

Gr(@;&) = (¢, &R (gl €, €M), ), (11.38)

while ¢,,41 is linear in €. It must then be shown that (11.37) holds when ¢
is replaced by any of the ¢,., r=1,...,n+ 1. Now, for r=1,...n,

m n . . 1
/Ud e "€ f( b (2:€)) ¥ e

&I

m n . . 1
= [ aredepwo @) T

R(asgl, o € )
CCTINNN NN

z/dmxd"nf(a:;n). (11.39)
U

Finally it must be shown that (11.37) holds when ¢ is replaced by ¢y, 41.
Suppose that

Pni1(z;:6) = (' () + 7' (2), ..., a" ¢ (2)& +7" (). (11.40)
Then

_ / A™e d™e fr o (2)EL .. €7 X
U

1
det (%)
,, det (aij (x))
det (a?;(x))

/U ™ A€ f(x; B(x:€))

= / d™zd™efy n(x)Eh .. €
U

z/dmmd"nf(a:;n). (11.41)
U
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11.3 Integration on compact supermanifolds

The method of integration on Ry developed in the previous section leads
naturally to an integral of a Berezin density on a compact supermanifold.
As with conventional manifolds, a partition of unity is used to sum the
contribution from different coordinate patches.

Definition 11.3.1  Suppose that w is a Berezin density on M and that
the collection {(Va, fo)|la € T'} is a partition of unity on M where each
V4 is a coordinate neighbourhood with corresponding coordinate map .
Then the integral of w over M is defined to be

[

acl

[ dredeamo fova @O, (142
Yo (Va)

where (as in Definition 10.2.1) w4 is the local representative of w in the
chart (Va, ¥q).

It is of course essential to show that the value of this integral is independent
of the choice of partition of unity chosen. This result is the content of the
following theorem, which combines the transformation rule for a Berezinian
density with the transformation rule for integrals (Theorem 11.2.3).

Theorem 11.3.2 Suppose that {(Va, fo)la € T'} and {(Us,gp)|8 € E}
are partitions of unity on M, with each Vo, € T' and each Ug,3 € 2
a coordinate neighbourhood (with corresponding coordinate maps v, and
¢s). Then

> /am) A"z A" wa(2;€) fo 0 Pa™ ' (2;€)

ael’
= [ amedwsimgseon ). (1143
gez Y ¢5(Up)
Proof Let W,3 =V, NUgs. Then
Z/ d7n$dn€wa($§§)fa Owa_1($§§)

aer /¥a(Va)

Z /a(Waﬁ) d™zd"wa (x5 €) fa © 1%_1(33;5)95 o wa_l(m;f)

acl’,Be=E

/ A"y d"nws(y;n)fa o b (yin)gs o ds~(yin),
aer,gez’ ¢8(Wap)

(11.44)



Integration on supermanifolds 145

using Theorem 11.2.3 and the fact that

Wa = wp X Ber(, 0 ps ™). (11.45)
Also
Z/ A"y d"nws(z;€)gp o ¢ (23 €)
gez "’ ¥s(Us)

-2 / d™y d"nwp(w;€) fo 0 $p~ (ym)gs 0 s~ (i)
ael,geg Y #8(Wap)
(11.46)

|
This theorem cannot be extended to noncompact supermanifolds, or to
finite regions, except when considering functions which die away sufficiently
fast on the boundary of the region of integration. A simple example of the
breakdown of Theorem 11.2.3 illustrates the problem:

Example 11.3.3 Let f be the function in GOO(R}972) with

fyin',n?) =y. (11.47)

Then, if I denotes the unit interval [1,0] of the real line,
/Idydznf(y;n) =0. (11.48)

Changing coordinates on R}g’z by the diffeomorphism

H(z;€) = (y(z;€);m(2;€)) (11.49)
with
y(a;6) =z +£'¢?
n'(@;6) =¢ i=1,2 (11.50)
the rule in theorem Theorem 11.2.3 suggests that one should find that
/1 dy d*n f(y;n) = /1 dz d%¢ f(H (x;¢)) (11.51)

since the Berezinian of H is equal to 1. However in fact

/dxd2§f (z:€)) /da:dz (z+€'¢%)
-1 (11.52)
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and so the rule of Theorem 11.2.3 breaks down in this case.

From this example it is clear that simply treating the region of integration
as part of R™ can lead to inconsistencies. A cure may be found by con-
sidering the even part of an integral on R"™ to be a contour integral in
R’;’O, but the combination of this with the Berezin integral is rather ad-
hoc [43, 121]. In the following sections further approaches to integration on
supermanifolds, taking the theory beyond the compact situation, are con-
sidered. In Rothstein’s approach, described in the next section, the Berezin
integral is treated as a differential operator, while Voronov’s approach in
Section 11.5 considers regions in R¢"" rather than simply in R™.

11.4 Rothstein’s theory of integration on non-compact
supermanifolds

It is evident from Example 11.3.3 that the theory of integration may break
down for non-compact regions of integration, or for regions with boundaries,
because of the breakdown of the transformation rule of Theorem 11.2.3. In
this section an elegant approach to integration on non-compact superman-
ifolds developed by Rothstein is described. The key idea in this approach
is a new characterization of the Berezinian in terms of differential-operator
valued forms.

Throughout this section M is a (R, DeWitt, G*°) supermanifold with
orientable body. Suppose that U is an open subset of M. A differential
operator on U is an operator L on G*°(U) which can be expressed locally
as a finite sum of the form

o 0
L= Z Z flg(%f)@@ (11.53)

I€Ny, peMy,

where N,, is the set of multi-indices I = Iy...I; with 1 < I; < m,i =
1,...k, together with the empty multi-index ), while

0 0 0
— = ... 11.54
OxLl Ozl "7 OzLk’ ( )
and % is the identity operator. The space O(U) of differential operators

on U has a natural left graded G*°(U)-module structure with

(fL)(g) = f L(9) (11.55)
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where f and g are in G*°(U). The differential operator L may also be
expanded as

o 0
L=)Y > —amo00u(z:0) (11.56)
LNy, uenr, Ot 08 TE

with o denoting combination of operators. The notion of Rothstein form
on the (m,n)-dimensional supermanifold M will now be defined.

Definition 11.4.1 Let U be an open subset of M.

a) The set Q™ (Upy) of m-forms on the body of U is given a left G*°(U)-
(0]
module structure by defining

Jw= flow (11.57)

for each f in G*°(U) and each w in Q™ (Upg).
(b) A Rothstein form on U is an element of Q™ (Ujg)) @gee )y O(U).
(c¢) The set of Rothstein forms on U is denoted R(U).

Elements of R(U) act on functions in G*°(U) to give m-forms on Upgj. This
action will be denoted by square brackets, so that if R =w ® L is in R(U)
and f is in G*°(U), then R][f] is the m-form on Uy defined by

R[f] = L(f)w. (11.58)

This action involves the left product of Definition 11.4.1(a), so that any
¢-dependent terms in L(f) are set to zero.

The space R(U) has the structure of both a left and right G*°(U)-
module. The left G*°(U)-module structure is defined by

(fR)]g] = f Rlg], (11.59)

again using the left product of Definition 11.4.1(a). The right module
structure is given by

(Rf)lg] = R[f4g] (11.60)

and is the structure which will be used in the following.
It follows from the definition that if V' is a coordinate neighbourhood
of M then the Rothstein form R can be expressed as a sum of the form

R= > Y dz'A--nda™® 0 9 o fru(w;€). (11.61)

1 Her
IEN, peMy Oz 86
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However the set A with
0
_ 1 m
A—{dx A ANdz 518§”|I€Nm"u€M}

does not form a basis for the right G*°(V)-module R(V'), as may be seen
(for example) by observing that

det A A de™ ® 5(2 00'9? = 0. (11.62)

None the less, as is established in the following theorem, JR(V) is in fact
a free module if V is a coordinate neighbourhood; its rank is infinite, and
one possible basis is a subset of the set A.

Theorem 11.4.2  The space R(V) of Rothstein forms on a coordinate
neighbourhood V in M is a free right G (V')-module. The set B where
871

)
o IWM € Nm} (11.63)

= {da:l A Adze™ ®
is a basis for this module.
Proof An arbitrary element R of R(V') can be expressed as
0
— 1 m
R= > Y dz'A--Ada afagﬂ o fru(w;€). (11.64)

IeNy, peM,

However, because left multiplication of forms on Q™ (Ujg;) by functions in
G (V) annihilates the anticommuting coordinates,

det A A da™ ® a%“ 0l =0 (11.65)
unless p is a sub-multi-index of e Also
da:l/\---/\da:m®Logﬁzidxl/\---/\dajm® 0 (11.66)
oEn ... 08t DL, ’

where B, is the complementary multi-index to p in the sense that {E¢E
+¢£t . 5” Thus B spans R(V).
That B is linearly independent follows from the linear independence of
{a%ﬂl € Ny} together with the fact that
0 am

0

La... m_~ _Z Bk — Ta... m_-
dz* A Ada 83:185”...8510][(@5[ |==4da" A Ada 8a:£f(x)'
(11.67)
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Hence B is a basis of R(V'), which is thus a free module. [ |

The next step is to define the integral of a Rothstein form over M, and then
to define a quotient space of J3(U) which corresponds to the space Ber(U)
of Berezinian forms on U, so that the usual Berezin integral is recovered.

Definition 11.4.3  Let R be an element of 53(M). Then the integral of
R over M is defined to be

/ R[]. (11.68)
Moy

A simple example of this integral, which demonstrates its relation to the
Berezin integral, is given by the integral of R(z;¢) = dal A+  Ada™ ®
1% o f(z;&) over an open subset V' of Rg""; this takes the form

m 0" f(@:§)
/ /dx/\ A e e (11.69)

The following theorem establishes the quotient space of R(U) which corre-
sponds to Ber(U) and leads to the Berezin integral.

Theorem 11.4.4  Suppose that, for each open subset U of M, R4 (U) is
defined to be the sub-module of of R(U) consisting of elements R such that

/ R[h =0 (11.70)
Ulg

whenever h is a compact support function in G*®(U). Then, if V is a
co-ordinate neighbourhood of M,

(a) R is in R (V) if an only if

o o
= 1 m Y9 O r .
R_zgv: A nde 3%135".”86‘%)0 (z;€) (11.71)

with f* = 0.

(b) If R is in Ry (V), then R[1] is ezact.

(¢) The quotient module R(V) /R (V) is locally free with dimension 1 and
basis

1 m
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Proof (a) Suppose that R is in R(V'), with

o o
_ N I AN
R_IEZN dz' A--- Adx amiagn...aglf (2:€)

and that f? # 0. Then there must exist a compact support function h in
G (V) such that

/dx/\ Adz™ 58” glf@h;zéo (11.72)
Thus

/ R[h&r ... € #0 (11.73)
Vio)

so that R cannot be in R,. Conversely, if f? = 0, and h is any compact
support function on G*(V), fV[m] RIh] consists of terms of the form

Ofrhi.n
de! A A da™ E—"(2)
V[@] 3%1

with I # 0, all of which are zero.
(b) If R is in R4 (V), then R[1] consists of terms of the form

Ofr
daz' Ao Ada™ (x)
/V[w] daT

with I # 0, each of which is exact. Part (¢) is an immediate consequence
of part (a).

Corollary 11.4.5 The sheaves R/R, and Ber over Mg are isomor-
phic.

An alternative characterisation of Ber which is closely related to Roth-
stein’s construction may be found in the work of Penkov [108]. In Roth-
stein’s approach to integration on supermanifolds, the integral of an element
R of R(M) is defined to be

/MR: /Mw] R[1]. (11.74)

For Rothstein forms of compact support, this definition is precisely equiv-
alent to the definition of integration given in the preceding section, since a
well-defined definition of integration on J8/R; is recovered. For more gen-
eral Rothstein forms, this is not the case, but it is now possible to calculate



Integration on supermanifolds 151

the necessary extra terms to go in to the transformation law, bearing in
mind that the Rothstein definition of integration is manifestly intrinsically
defined. If wy(x; &) is the local representative of a Berezinian form w in local
coordinates (x; &), then this is related to its local representative wo(y;n) in
coordinates (y;n) by the rule

wa(y;m) = wi(z;€)Ber (gyc’z) (11.75)

while the Rothstein form R with local expansion

n

dy' A Ady™l———————wo (y;
Y Y 8nn...8n1w2(y’")

in the coordinates (y;n) has an expansion of the form

R=dz'A ---/\dxmhw(x;ﬁ)

o o

LA de™ (o
+ Y da'A-Ade axlagn...aglf(m’f)
IeN,,/0

(11.76)

in the (z;¢) system, and the extra terms may contribute to the integral in
the transformed coordinates.

As an example it will be shown that the transformation rule for Roth-
stein forms solves the problem of Example 11.3.3. Using Rothstein forms,
where previously dyd?n was transformed to dz d2¢, it can be seen that
dyl-% -2 is transformed to

ant oy
o o o ., 0
d“”(asﬁf )(16—51‘“%)’

so that the transformed integral becomes

1 0 0 5 0
- _ (1-1)=
Jroe (e +e3) (e -€) (€6 = flast-n 0
(11.77)
as required. A more complete and systematic development of these ideas

may be found in Rothstein’s paper [133].
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11.5 Voronov’s theory of integration of super forms

Recall from Section 10.4 that an (r, s) super form £ on an (m,n) dimens-
ional supermanifold locally has the form £, (X%, X} ) with

Ls(X', X)) =Ber (Ygotp,") La(X', X} ). (11.78)

This object involves a mapping X : I"™® — M which can be regarded as a
supersmooth (7, s)-cube in M. Its construction has been motivated by the
following definition.

Definition 11.5.1

(a) A supersmooth (r,s)-cube on a supermanifold M is a G* map X :
Ims —- M
(b) The integral of the (r, s)-super form L over the (r, s)-cube X is

/c:/thdSTca(Xi(t;T)7X;a(t;T)). (11.79)
X

For compact supermanifolds this leads to a definition of integration es-
sentially equivalent to that of Section 11.3. Two interesting features of
Voronov’s approach are that it can be extended to include regions with
boundary, and that it allows some progress towards an analogue of de Rham
theory, because of a Stokes’ theorem relating to the exterior derivative
(10.28). Voronov’s approach to integration over a region with boundary,
which takes some inspiration from Berezin [20], defines a region A in Rg""
by a condition expressed as

u(z;€) <0 (11.80)

where u is an even G*° function on RZ"". The meaning of this condition,
which is not straightforward given that u takes values in Rg, is explained
below. The boundary is then defined as the set where u(x;€&) = 0. This
allows the definition of the integral of a function over A to be given as

[ e s = | o 20 @36) (“Bu(:en) L8y

where 6 is the Grassmann analytic continuation of the Heaviside function
on R which satisfies #(f) = 0 when ¢ < 0 and 6(¢) = 1 when ¢t > 0,
and the Grassmann analytic continuation is constructed using a smooth
approximation to 6. It is in this sense that the condition u(z;&) < 0 is
applied.



Integration on supermanifolds 153

An example given by Voronov shows how an integral similar to the prob-
lem integral of Example 11.3.3 is handled in this approach. This example
related to the integration of a function f over the interval I = [0,1] of
the real line before and after carrying out the transformation H(x;&) =
(y(z;€);n(z;€)). In Voronov’s example the region of integration for the
first version of the integral would be specified by the condition y < 0 and
the integral evaluated is

/ . dyd®n (fiyw) + A" + L2200 + f2(y)n'n?)
y<

= dyd®n (fio(w) + fry)n' + f20)0” + fr2(y)n'n®) 6(—y)

1,2
RS

= /O dy fi2(y) - (11.82)
After the change of coordinates corresponding to the diffeomorphism
H(z;§) = (y(z;£);n(x:€)) (11.83)
with
y(a;6) =z +£'¢2
N &) =¢ =12 (11.84)

the defining condition becomes x4£¢2 < 0 so that the integral with respect
to the new variables has the form

/ Ao %€ (figy(a +E'€2) + f@n' + fol@)n® + fra@)n'o?)
T+£1€2<0

= /Rgz de d®¢ (fig)(x +€'€%) + fi(2)E" + fa2(2)€ + fr2(2)€'€?)
x 0(—(z +€'¢%)

= o & ¢ (fio(2) + £'60F fin (@) + fu(@)E" + fo(2)€” + fra(2)€'€%)
x (0(-z) - £'6%(x))

= /: (F12(2) + 07 fio)(2)0(—2) — fio) (1)0())

0
= / fi2(x) . (11.85)
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This illustrates this method of specifying a region of integration, and how it
leads to an invariant definition. It is possible to use Voronov’s superforms
to provide an approach to integration over (r,s)-dimensional regions in a
supermanifold. However the theory has not yet been developed to include
a full homological algebra of super chains dual to superforms, although
the work of Voronov [153] suggests how this development might be made.
Voronov’s work includes a proof of Stoke’s theorem for the exterior deriva-
tive (10.28) and boundary of the region defined by w(z;&) < 0 defined by
the condition u(x; &) = 0. More recently Voronov has introduced the notion
of dual form on a supermanifold [154], involving copaths, with the aim of
making possible the study of homotopy problems of stable forms and the
de Rham cohomology of a supermanifold.

11.6 Integration on (1,1)-dimensional supermanifolds

In this section a somewhat special notion of integration is described, which
possesses some of the features of classical integration which are absent in
much super integration. The integral is defined with both odd and even
limits, and there is an analogue of the fundamental theorem of calculus
involving these limits. The integral developed here is used to define contour
integration on super Riemann surfaces in Section 14.4.

Definition 11.6.1 Suppose that g : Rls’l — Rg, that T'= (¢; 7) are local
coordinates on R};’l and that (a; ) and (b; 3) are points in Rgl. Then the
integral of g between these two points is defined to be

/j /;g@, apr - [ [ Lit;ﬂg(t77>dt] o (1L86)

An important property of this integral is that it obeys what might be
called the square root of the fundamental theorem of calculus, that is, if

Dr denotes the super derivative D = a% + T% (which satisfies Dr? = %)
then
8 b
[ [ ProttnpT = g0:) - gtaiar). (11.87)

Additionally this integral has the following consistent transformation rule:
suppose that the function F : Rls’l — R}q’l, (t;7) — (s(t;7);0(t;7)) is real
superconformal, that is, there exist smooth functions f : R — Rg; and
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¢ : R — Rgg such that

F(t;7) = (Folti 7); Fy (w))
= (&) + 7o VF @, 0(t) + VIO + 0 D)) - (11.88)

(The motivation for this definition can be found in Chapter 14.) Then, if
(¢;v) = F(a; ) and (d;9) = F(b; 5),

/ / (s,0) DS/ / F(t;7))DrFy(t;7)DT . (11.89)

This result follows from Definition 11.6.1 and the chain rule for the super
derivative of combinations of superconformal functions which takes the form

Dr (F(K(t;7))) = D F(k(t; 7); 6(t; 7)) Dr (5(857)) - (11.90)

In Chapter 14 this integral will be used to develop a theory of contour
integration on super Riemann surfaces.

11.7 Integration of exterior forms

In this brief final section the integral of an exterior p-form on a super-
manifold is defined in terms of maps from RP very much as on a classical
manifold. At first site this might seem a pointless, if correct, development.
However in Chapter 13 this construction will be used to define Lagrangians
for supersymmetric extended objects, using an ingenious technique of Howe,
Raetzel and Sezgin [77]. The full G* setting is required to give any results
distinct from those obtainable from the body of M.

Definition 11.7.1 Suppose that « is an exterior p-form on a superman-
ifold M and that ¢ : I — M is smooth. (As before, I? denotes the unit
p-cube in RP.) Then c*« is an Rg-valued p-form on M and the integral of

« over ¢ is defined to be
/a:/ . (11.91)
c Ip

This notion of integration can immediately be extended to give a theory of
integration over smooth p-chains in M, with the usual properties such as
Stokes’ theorem.
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The simplest examples of such integrals use chains whose constituent
p-cubes in split local coordinates take the form

c(t, ... ") = (' (¢, ..., tP), ..., " (t}, ..., t*);0,...,0) (11.92)

with e(ct(tt, ... tP)) = ci(t',...,tP),i = 1,...,m so that one is effectively
integrating over a submanifold of the body of M, or, with appropriately
constructed m-cubes, over the body itself.



Chapter 12

Geometric structures on
supermanifolds

In this chapter various geometric structures which can be put on superman-
ifolds are described. Using the concrete approach and the machinery set up
in earlier chapters, much of the material in this chapter is a straightforward
analogue of the classical setup.

The chapter begins with the concepts of super principal G bundle (where
G is a super Lie group) and associated super bundle, together with the
notion of connection and curvature. In section Section 12.2 the particular
case is considered of the super bundle of frames of a supermanifold and its
associated bundles and the corresponding tensors and densities. In further
sections Riemannian and even symplectic structures are considered, while
in the final section 12.5 odd symplectic structures, which have no classical
analogue, are considered.

12.1 Fibre bundles

In this section the concept of super principal bundle and associated super
bundle are defined. The starting point is the definition of super principal
bundle.

Definition 12.1.1 Let G be a super Lie group and M be a supermani-
fold. A super principal G bundle P(M,G) is a triple (P, m, M), where P
is a supermanifold and 7 : F — M is a supersmooth map, which has the
following properties:

(a) There is a free right action
PxG—TP, (u,9) = ug = Ryu (12.1)
of G on P.

157
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(b) The supermanifold M is the quotient of P under this group action,
that is

M=P/G. (12.2)

Also 7 is the canonical projection and is supersmooth.

(¢) P islocally trivial, that is, there is an open cover {U,|a € A} such that,
for each a € A, there is a superdiffeomorphism h,, : 7 1(Uy) — Uy x G
and a supersmooth map ¢, : 7~ 1(U,) — G with

ha(u) = (1(u), pa(u)) and  da(ug) = dalu)g. (12.3)

The space M is referred to as the base space, P as the total space and G
as the structure group. Often the bundle will simply be referred to as P.
An immediate, if trivial, example is the cartesian product M x G with G
action Rp(z,g) = (x,gh) and projection 7(z,g) = x. It will be useful to
define the transition functions of a super principal bundle (P, 7, M), which
are functions from the overlaps between trivialisation neighbourhoods into
the structure group.

Definition 12.1.2 With the notation of Definition 12.1.1, suppose that
o, 3 are elements of A such that U, NUg is non-empty. Then the transition
function gog is defined by

9o :UaNUg — G
= ) (Gp(u) . (12.4)

Given a super principal G bundle P, corresponding to any left G space
V there is an associated super bundle P(V) exactly as in the classical case;
for completeness this will now be defined.

Definition 12.1.3 Let V be a left G space with G action (g,v) — gv
and (P, 7w, M) be a super principal G bundle. A right action of G on P x V
is defined by setting

(u,v)g = (ug,g~"v). (12.5)

The quotient of P x V under this group action is denoted P x¢g V;
it consists of equivalence classes [u,v] of points (u,v) in P x V with
(u,v) ~ (v/,v") if and only if there exists g € G such that (uv/,v") =
(ug, g~ 'v). There is a well defined projection map my : Pxg — M defined
by v ([u,v]) = 7 (u).
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It may be seen that for each local trivialisation neighbourhood U,, of M,
the set 7y, (Us) can be identified with the set U, x V. This identification
is used to put a supersmooth structure on P X V in such a way that 7y is
supersmooth. The triple (P xg M, 7y, M) is the associated super bundle
of P via V.

Both super principal super bundles and associated super bundles are ex-
amples of super fibre bundles, which are simply twisted products of a base
space M and a fibre F, that is, triples (E, 7, M) with 7 : E — M super-
smooth and an open cover U,U, = M with the local trivialisation property

7 (Uy) =Uy x F. (12.6)

In the case of a super principal bundle the fibre is G while for an associated
super bundle it is V. As in the classical case there is a notion of cross-
section, associating with each point x in M exactly one point in the fibre
7~ () over x.

Definition 12.1.4 A cross section of a super fibre bundle (E, 7, M) is a
supersmooth mapping

s:M—=FE (12.7)
such that 7 o s is the identity on M.

In most cases the fibre V of an associated super bundle will be a super
vector space; if the dimension of V' is (r,s) and the base space M is an
(m, n)-dimensional supermanifold, then whenever U is an open subset of
M which is both a coordinate neighbourhood of M and a local trivialisation
neighbourhood for the bundle, any cross section of 7=(U) (the restriction
of E to U) can be written in terms of local coordinates (x;&) on M and a
basis (Y!,...,Y") of V as

r+s

@) =>" " fulz)eey™. (12.8)

=1 peMsy,

This local structure can be abstracted to characterise the sheaves used
in the algebro-geometric formulation of super vector bundles as given for
example in [100].

A connection can be defined on a super principal bundle in close ana-
logue with the classical case.
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Definition 12.1.5 Let (P, 7, M) be a super principal G bundle. For
each point u of P let TP denote the tangent space to P at u and let
VuP denote the kernel of m. : T,P — TryM. Then a connection T' on
(P, 7, M) is an assignment to each u € P of a subspace H,P of T,,P such
that

(a) T,P =V, P® H,P
(b) HyyP = Ry H,P
(¢) The dependence of H,P on u is G*.

Each connection on (P, 7, M) has a one-form w associated with it taking
values in the super Lie module of the structure group G. The definition
uses the fundamental vector field £ on P corresponding to £ € L(G), as in
Definition 9.6.3. -

Proposition 12.1.6  Suppose that w : D(P) — L(G) is defined by

w(§,) =¢ forall &€ L(G)
w¥)u)=0 if Y, € H,P. (12.9)

Then

(a) w is a one-form on P with values in L(G),
(b) Ri(w) =ad(g~")w for all g in G.

This one-form can be used to define covariant derivatives of cross sections
of P and its associated bundles, and also a curvature two form, in the usual
way.

12.2 The frame bundle and tensors

Associated with any (m, n)-dimensional supermanifold is its super principal
GL(m,n; Rg) bundle of linear frames, which will now be defined.

Definition 12.2.1 Let M be an (m,n)-dimensional supermanifold. A
linear frame [ at a point x in M is an ordered super basis Y7,..., Y, 4n of
the tangent space to M at z. Let B(M) be the set of all linear frames at
all points x of M, and let 7 : B(M) — M be the mapping which takes a
frame at = to the point . Then GL(m,n;Rg) acts on B(M) on the right
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according to the rule

m—+n

(Viooo o Yor)g = (Voo YL with ¥/ = 3 Yigh.  (12.10)
k=1

B(M) is given a (m + m? + n?,n + 2mn)-dimensional differentiable struc-
ture by choosing an open cover {U,|a € A} of M by coordinate neigh-
bourhoods. The collection {7 ~!(Uy)|a € A} is then an open cover of
B(M). If (X1,..., X™*") are coordinates on U, then the coordinates of
a frame Y1, ... Y™+ at a point x in U, are defined to be (X}, Yofj,i,j =
1,...,7 4+ s) where the matrix (YO{l) is defined by

m-+n

Y= V0% (12.11)
j=1

This also defines the local trivialisation of B(M), and establishes that its
structure group is indeed GL(m,n;Rg). The bundle B(M) is called the
bundle of linear frames on M.

Any representation of GL(m,n;Rg) now defines an associated super
bundle of B(M), leading to tensor bundles as in the classical case. A par-
ticular example, using the superdeterminant, leads to the notion of Berezin
density.

Definition 12.2.2 A Berezinian density on M is a cross section of the
bundle Ber(M) associated to the super frame bundle by the superdetermi-
nant.

Some particular examples of tensors occur in the following sections. Given
a connection in the frame bundle, or any sub bundle, torsion can be defined
in the standard way.

12.3 Riemannian structures

It is possible to define an analogue of Riemann metric on a supermanifold.

Definition 12.3.1 A Riemannian metric on a supermanifold M is a
non-degenerate even graded symmetric 2-covariant tensor g on M. (The
tensor is said to be non-degenerate if at each point p in M and for each
fixed Y} in T, M

(Yp, Zp)g=0VZ, € T,M ifand onlyif Y, =0.) (12.12)
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In a local coordinate system X* a Riemann metric has components

9i; = (3%, 52| g). If the dimension of M is (m,n) then the graded
symmetry means that g;; = —gj; if 4,7 > m and g;; = g;; otherwise.
It is immediately obvious that a Riemannian metric can only exist on a
supermanifold whose odd dimension is an even number.

A Riemannian metric on an (m, 2l)-dimensional supermanifold M is
equivalent to a reduction of the frame bundle B(M) to an OSP(m,[;R)
bundle. This is seen by observing that the metric allows identification of
preferred bases {F4|A =1,...,m + 2} of the tangent space at each point
which satisfy

(Ea, Eplg) =Tap (12.13)

with T asin (9.13). In the superspace formulation of supergravity described
in Section 13.2 the frame bundle is reduced to a smaller group. In either
case the matrices (EMA) corresponding to expansion of the basis {EA} of
one forms dual to the preferred basis { E4|A = 1,...,m + 2I} of the tangent
space in terms of coordinate differentials dX™ as E4 = EpAdX™M provide
local representatives Z(X) of a Berezinian density Z which take the form

Z(X) = sdet (EAM) . (12.14)

12.4 Even symplectic structures

On a supermanifold two kinds of symplectic structure have been consid-
ered, referred to as odd and even. Even symplectic structures, the subject
of this section, make possible the extension to the super setting of many
standard applications of symplectic structures. Both even and odd sym-
plectic structures have proved useful in the quantization of theories with
symmetry, as will be explained further in Chapter 16. In this section the
definition of an even symplectic form is given, and some standard proper-
ties briefly described, including the Darboux theorem and, in the smooth
case, a characterisation due to Rothstein[134].

Definition 12.4.1 An even symplectic form on a supermanifold M is
an even 2-form w which is closed and non-degenerate. An even symplectic
supermanifold is a supermanifold M together with an even symplectic form

w on M.
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An even symplectic form is simply a graded-commutative analogue of a
classical symplectic form, so that the Hamiltonian vector field associated
to a smooth function can be defined in the following way:

Definition 12.4.2 Suppose that F' is a G*° function on M. Then a
vector field Y of Grassmann parity |F| is defined by

Yrw ™ (dF) (12.15)
where w here denotes the mapping from T'M to T*M defined by
wY)(Z)=(Y, Z|w) . (12.16)
(The vector field Y is referred to as the Hamiltonian vector field of F'.)

The parity of the Hamiltonian vector field is the same as that of the corre-
sponding function, and Poisson brackets (which are graded antisymmetric)
may be defined as in the classical case.

A standard example of an even symplectic supermanifold (that is, a pair
(N,w) with N a supermanifold and w an even symplectic form on N) is
the cotangent space T* M of an (m, n)-dimensional supermanifold M, with

w=Y dp; Ada’ + ) dm; Adg (12.17)
i=1 j=1

where the local coordinates of a one form « at a point ¢ in M consist
of local coordinates (x;&) at ¢ and the coefficients p;, 7; in the expansion
a =" pida'+377_ w;d¢? . There is also a Darboux theorem [95], which
states that on a (2[, n)-dimensional symplectic supermanifold local coordi-
nates (z¢,p;;€7),i =1,...1,5 = 1,...,m may always be found in which the
symplectic form w takes the form

l n
w=Y dp; Ada' +) ;A& Adg (12.18)
i=1 j=1
with each €; equal to 1 or —1. An alternative standard form due to Roth-
stein will now be described.

In the supersmooth case Rothstein[134] has given a characterisation
of symplectic structures on a supermanifold M in terms of classical data
(Mg),w, E,9,V) where w is a symplectic structure on the body Mg of
M, FE is the vector bundle corresponding to a choice of the splitting which
must exist by Batchelor’s theorem 8.2.1, g is a metric on Mg and V is a
compatible connection on E. To specify a symplectic form @ on M from this
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~

data, it is sufficient to specify LD()A(,?), w(X, %) and &J(a%i, %) where
X, Y are vector fields on Mgy and §*,7 = 1, ..., n are odd coordinates on M
corresponding to the chosen splitting, and hence to a basis {ei|i =1,... m}
of E. The chosen symplectic structure is determined by setting

(X,Y) = w(X,Y) + LR(X,Y)

(<o O
(.d(X,@ =0
g 0 o
and ®(8_8’8_§J> =g(e', e’). (12.19)

As well as showing that this does indeed define a symplectic form on M,
Rothstein also shows that any symplectic form on M can be expressed in
this way[134].

12.5 0Odd symplectic structures

Odd symplectic structures, which have no classical analogue, play an im-
portant role in the BV quantization scheme for theories with symmetry, as
will be briefly explained in Chapter 16. The basic definition is very similar
to that of an even symplectic structure.

Definition 12.5.1

(a) An odd symplectic form on a supermanifold N is an odd 2-form 8 which
is closed and non-degenerate.

(b) An odd symplectic supermanifold is a pair (N, 3) with N a superman-
ifold and 8 an odd symplectic form on N.

An important theorem, due originally to Shander [140], gives the appropri-
ate analogue of the Darboux theorem for odd symplectic supermanifolds:

Theorem 12.5.2 Let (N, 3) be an odd symplectic supermanifold. Then

(a) the even and odd dimensions of N are equal, so that N has dimesnion
(m,m) for some integer m;

(b) At every point of the (m,m)-dimensional supermanifold N there are
local coordinates (x*;€%),i =1,...,m such that

B=> d¢ Ada'. (12.20)
=1
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A simple proof of this result was given by Khudaverdian [89]; just as the
cotangent bundle provides an example of a classical symplectic manifold,
the ‘odd’ cotangent bundle S(M,T*M) provides an example of an odd
symplectic manifold, with

B=> dmAda’ (12.21)
i=1

where z? are local coordinates about a point ¢ in M, and 7; are the odd
coordinates corresponding to the basis dz? of T;M.

As in the even case, the non-degeneracy means that the symplectic form
provides an invertible map from the tangent space to the cotangent space,
and hence an analogue (with reverse parity) of the standard construction
of the Hamiltonian vector field corresponding to a function on A can be
defined. The corresponding analogue of the Poisson bracket plays an im-
portant role in BV quantization and is known as the antibracket. Further
constructions involving odd symplectic structures may be found in the work
of Khudaverdian [88, 89] and Khudaverdian and Voronov [90].
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Chapter 13

Supermanifolds and supersymmetric
theories

In quantum physics, a theory is said to possess supersymmetry if it pos-
sesses a symmetry which rotates fermionic degrees of freedom into bosonic
and vice versa. Supersymmetric physics is a vast field, and this chapter
is not intended to give a complete introduction to the subject, let alone a
comprehensive list of references to the literature. What is covered in this
chapter are some aspects of supersymmetry where mathematical aspects
of supergeometry and superanalysis have been particularly significant, in-
cluding superfield techniques, supergravity and super embeddings, while
super Riemann surfaces (and hence string quantization) are discussed in
Chapter 14 and path integrals on supermanifolds in Chapter 15. There is
an extensive literature on supersymmetric physics, a useful account may
be found in the book of West [160] and a clear introduction in the book of
Freund [54]. Superspace methods in supersymmetric physics are described
in considerable detail by Buchbinder and Kuzenko [28].

One of the first examples of a supersymmetric theory is the Wess-
Zumino model [158], which was the first four-dimensional model with a
linear realisation of supersymmetry. The fields of the theory are a scalar
A, a pseudo scalar B, a Majorana spinor field xy and two auxiliary scalar
fields F and G, all of which are functions of four-dimensional Minkowski
space, and the action is

S (A7 B’ X7 F7 G)
_ /d% (—10,A0mA— 10, BO"B — L x@x+ L F? + 1 G?)
(13.1)

for the massless free theory. (Mass and interaction terms are considered
below.) Here the index and spinor conventions set down by West [160]

167
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have been used. Thus m = 0,...,3 is a four-dimensional Lorentz vector

index and the conjugate spinor y of the Majorana spinor x is defined by
£ = 0 (13.2)

where C' is the charge conjugation matrix and the Majorana spinor indices
a, 3 take values from 1 to 4. The Dirac operator § is defined by

& = YmOm (13.3)
where 7,,,m = 0,...,3 are Dirac matrices which satisfy

with 7)., the Minkowski metric. The action is a Lorentz scalar. The fields
F and G, which do not propagate, are known as auxiliary fields and are
necessary for the multiplet of fields to carry a representation of the super-
symmetry algebra; if they are excluded the algebra of the supersymmetry
transformations on the remaining fields only closes when the equations of
motion are satisfied, a situation referred to as on-shell supersymmetry.

In the original description of this model, the symmetries were expressed
in terms of infinitesimal generators P,,,m = 0,...,3 and Q4,0 =1,....4
obeying a super Lie algebra

[P Pl
[P Qal
[Qa, Qs = 2 (17, C) g P™ (13.5)

with each P, even and each @, odd. The infinitesimal parameter a™ for

0
0

the each P, transformation was considered to be a commuting number
while the parameter ¢* of each @, transformation was considered to be
part of an anticommuting set so that

@ = —Pe”
while €“a™ = a™e”
and a™a" =a"a™. (13.6)

In other words, the parameters were taken to be even and odd elements of
a super commutative algebra. The components of the spinor y were also
taken to be anticommuting. Combining parameters and generators to give
an infinitesimal transformation of the form a™ P, + ¢*Q,, gave elements of
a Lie algebra, and so demonstrated that the infinitesimal transformations



Supermanifolds and supersymmetric theories 169

could be exponentiated to form a group acting on the fields; thus, albeit in
a somewhat heuristic way, the concept of a super Lie group emerged.

The P,, are defined to be generators of translations, while the action of
the infinitesimal supersymmetry transformation e*Q), on the fields of the
Wess-Zumino model is given by

0cA = €x

0eB = ieysx

dex = F +iv:G + § (A+iy;B)e

. F =&§ x

3G = iey;§ x - (13.7)

It can be shown by explicit calculation that the action (13.1) is invariant
under these transformation; also the action is manifestly invariant under
translations and Lorentz rotations. (The invariance of the action can also
be demonstrated by superspace techniques, using the form of the action
(13.25).) Equipped with concepts from supermanifold theory, it can be
seen that that the fields can be regarded as maps from R* — Ré"l with

z — (A(z), B(z), F(z), G(z); X1, X2, X3, X4) (13.8)

and the supersymmetry to be a symmetry under the action of the super
Poincaré group described in Section 9.2.

Many other supersymmetric models have been constructed and anal-
ysed, both in flat Minkowski spacetime as described here and in curved
spacetime as described below, where theories of supergravity are obtained.
Theories such as that described above are said to have N = 1 supersymme-
try, the number N specifying the number of spinor generators @. In four
dimensions N may be as high as 8. It is also possible to vary the dimension
of the theory. Supersymmetric quantum mechanics, a theory in one space-
time dimension, has important geometric applications, and will appear in
Chapters 15, 16 and 17. A more general book on this subject is [33]. Su-
pergravity in two dimensions is important in string theory, and leads to the
interesting concept of super Riemann surface considered in Chapter 14. A
more recent variant is the introduction of a second kind of anticommuting
Majorana spinor by Kleppe and Wainwright [91] which allows a new model
based on the super sphere.

In fact in supersymmetric physics applications are found of maps be-
tween supermanifolds of a wide variety of dimension; for instance in string
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theory for the standard covariant Green Schwarz formalism of the super-
string the target is a supermanifold but the worldsheet is purely bosonic,
while in the formulation of the Neveu Schwarz Ramond spinning string of
Friedan, Martinec and Shenker [57] the world sheet is a super Riemann
surface. The two approaches were first combined by Berkovits [21], leading
to many new sigma models on coset supermanifolds, for instance as in [22].
These in turn involve quite subtle features of representations of super Lie
groups, as may be seen for instance in [63].

The superfield approach is described in Section 13.1, and extended to
supergravity in Section 13.2. In Section 13.3 the superembedding technique
for anaysing extended supersymmetric objects is discussed.

13.1 Superfields and the superspace formalism

The idea of superspace, which first appeared in papers of Salam and
Strathdee [135] and Volkov and Akulov [152], comes from the observation
that the 4-dimensional super Poincaré group can be realised as a group of
transformations of a space with 4 commuting variables and 4 anticommut-
ing variables. Recalling from Section 9.2 that the super Poincaré group is
the semi direct product of the supertranslation group and the spin double
cover SL(2,C) of the Lorentz group SO(1, 3), if (x;0) is an element of RéA
with 2% even, i = 0,...,3 and % odd, o = 1,...,4, x is defined to trans-
form as an SO(1, 3) vector and 6 as a Majorana spinor. The action of the
super translation part of the group is defined, for (y, ) € T**, by

(y,¢€) : RéA — RéA
(2™;0) > (2™ + y™ — € 050,60 + €, (13.9)
which is simply the action of the supertranslation group 7% on itself if the
standard identification of T%* with Ré"l is made. This inspired the idea
that one should consider superfields, that is, fields which are functions of
superspace rather than simply of space.
A superfield is then a function f on ]Ré’4 and thus has a Taylor expansion
in the 6% with

f(z;0) = f[@] () + fa0*+.... (13.10)

The components fig}, fo and so on contain the physical fields, whose su-
persymmetry transformations are immediately determined by the action of
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the supersymmetry group on superspace, by the simple rule that

9(f)(;0) = f(g(;0)) (13.11)

where g denotes an element of the supersymmetry group and g(z;0) is the
image of the point (z;6) under the action of this group. Of course there
is no guarantee that the representation of the supersymmetry group cor-
responding to a superfield is irreducible, and indeed a simple superfield of
the kind just described is in fact highly reducible. Because the odd coordi-
nates #¢ are in a representation of the spin group SL(2, C), decompositions
of SL(2,C) representations allow one to identify the spin content of the
component fields. In general the superfield itself can be a multi-component
object, transforming under some representation of the Lorentz group.

Two important features of the superspace formalism are that it provides
a mechanism for constructing representations of the supersymmetry group,
and hence of the super Poincaré group, and that it leads to supersymmetry
invariants. In principle this allows a quantization procedure where by work-
ing in superspace supersymmetry is manifestly maintained, and the benefits
of supersymmetry readily harvested. In practice the situation tends to be
more complicated.

To illustrate these ideas, the Wess Zumino model will be constructed in
superspace. The starting point is a superfield of the form (13.10). Simple
counting immediately shows that the component fields are too many in
number and with the wrong spin content to correspond exactly with the
fields of the theory. In order to obtain the correct representation of the
supersymmetry group it is necessary to restrict the superfield.

At this stage it is useful to introduce two-component spinors, with x* =
(x*,¢4) where

=50, =), (13.12)

with, again using the conventions of West [160],

m 0 O.m.
"= <wm 0) (13.13)

where 0,7 = 1,2,3 are Pauli matrices and ¢¥ is the identity.
In the two-component spinor notation the odd coordinates on super-
space are (64,6 ;) with

04 =3(1+%)0,  0i=3(1-)0, (13.14)
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where the same letter can be used for the undotted and dotted parts in
view of the Majorana condition. There are thus two complex rather than
four real odd coordinates. (This is similar to using coordinates z, z on R2.)
The supersymmetry algebra now takes the form

(@4, QF] =[Q,4,Qp =0. (13.15)
The action of these generators on a superfield is given by

0
Pm_@xm

O | A m
QA:W—FZG (O’ )AAPm

0 nA(_m
This representation of these operators allows one to see that there are odd
first-order differential operators D4 and D ; which commute with the su-
persymmetry group. These operators are

0 i m
DA:—(%A—H (@™) 4 iPm »
D<——a i04(a™) , i P, 13.17
AT 99 (™) aibom - (13.17)

Direct calculation shows that both D4 and D, commute with P,,, Q4 and
@ 4. It will be useful to note that

[D*, D] = 2(00m)* 5P (13.18)

Because D ; commutes with the supersymmetry generators, a superfield f
which satisfies the constraint

D;if=0 (13.19)

will provide a representation of the supersymmetry group. (Such superfields
are referred to as chiral superfields.) This representation can be analysed
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by setting

a= f('r’e)‘9:07 pA = DAf(xae)lezo and y=—; DADAf (z,0) |9 0"

(13.20)
No further independent component field can exist because of (13.18) and
(13.19). The transformations of these fields can be evaluated using the
explicit form (13.16) of the supersymmetry generators. This shows that
the fields of the Wess-Zumino model can be identified with those of the
constrained superfield f by taking

1
a:—§(A+iB)7 xA=p4 and y=F+iG. (13.21)

The integration theory of Chapter 11 provides a method for constructing
supersymmetry invariants from superfields. The simplest way to do this is
to observe that, since supersymmetry transformations are implemented on
superfields by super translations in superspace, the integral combinations
of superfields is invariant under a supersymmetry transformation provided
that all superfields vanish on the boundary of the region of integration,
or fall away sufficiently fast at infinity. There are further methods, cor-
responding to integrating over subspaces or quotient spaces of superspace,
which lead to invariants constructed from constrained superfields.

A useful observation is to note that, provided the integrand obeys suit-
able boundary conditions, an integral over superspace can be represented in
terms of an ordinary integral over spacetime combined with super deriva-
tives D4, D 4 in a number of ways. This is because the Berezin integral is
equivalent to a series of odd derivatives, so that

g 0 0 0
/d4xd40f(3:,0) = /d4 20 547 957 8elf(gr;,a) (13.22)

and the odd derivatives 87?5, %
super derivatives D4, D in cases where the difference is a boundary term

can be replaced by the corresponding

which is assumed to vanish. In particular
/ d*zd*0f(z,0) = / d*zDADADAD ,; f(x,0). (13.23)

This of course shows that the integral over the full (4,4)-dimensional su-
perspace of any combination of chiral superfields (which satisfy the con-
straint (13.19)) is zero. In order to obtain invariant combinations of chiral
superfields a (4, 2)-dimensional superspace S, the quotient of RéA by the
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(0,2)-dimensional super Lie group generated by {DA|A =1, 2}, must be

used. As a supermanifold this is superdiffeomorphic to R§’2, so that inte-
gration on this space is well-defined. Also any chiral superfield on the full
superspace RéA induces a well defined function on S, so that an integral

/ d*zd?0f(z;0)
s
will be a supersymmetry invariant. This integral satisfies
/ d*zd%0f (x;0) = /d4xDADAf(;v, 0). (13.24)
s

Of course as well as the chiral constraint (13.19), there is the complex
conjugate constraint D 4 = 0, with an analogous procedure for constructing
invariants. An example of an invariant constructed by these methods is
the kinetic term in the action for the Wess Zumino model. In terms of
component fields this has the form (13.1); this is equal to the superspace
integral

/d4xd40f(x, 0)f(x;0) (13.25)

with component fields identified as in (13.20). The mass term takes the
form

/ d*zd?0 m(f(x;6))? 4+ complex conjugate, (13.26)
S
and interaction terms can be built in a similar manner, for instance
/ d*zd?0 A(f(z;0))® + complex conjugate. (13.27)
S

In this section a simple example has been described to illustrate the su-
perfield formalism for a supersymmetric theory. There has been no attempt
at a comprehensive treatment of this vast subject; a much more complete
account can be found in the book of Buchbinder and Kuzenko [28], while
many standard texts on supersymmetry, such as West [160], include an
account of superspace methods. In the next section these superspace con-
structions will be extended to the geometric setting of general relativity,
so that theories of supergravity can be included. One of the principal rea-
sons for introducing superfield techniques is that they allow quantization
methods to be cast in a manifestly supersymmetric form.
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A key motivations for studying supersymmetric theories is that they are
expected to have much better quantum properties, with cancellations of the
infinities which plague many quantum field theories; superfield techniques
such as super functional integration and super Feynman diagrams have
allowed quantum calculations which show these hopes to be realised in
some cases. A pioneering example was the work of Salam and Strathdee
[135] in the case of rigid N = 1 supersymmetry. These ideas provide a good
illustration of the power of super mathematics.

13.2 Supergravity

Supergravity theories have local supersymmetry, as opposed to the global or
rigid supersymmetry of the Wess Zumino described in the preceding section.
The first examples of such theories were written down by Ferrara, Freedman
and van Nieuwenhuizen [50] and by Deser and Zumino [40]; the spin 2
gravity field e appears in a super multiplet which also contains a spin %
Rarita-Schwinger field 1. These models have on-shell supersymmetry, the
model containing the minimal auxiliary fields for N = 1 supergravity was
constructed by Stelle and West [146] and by Ferrara and van Nieuwenhuizen
[51]. In this section the construction of this model in superspace will be
described as an illustration of the supermanifold techniques used in uniting
supersymmetry with gravity.

The first attempt at a superspace version of supergravity was under-
standably based on the idea that the appropriate geometry would be Rie-
mannian geometry on a supermanifold [2]. This corresponds to a reduction
of the frame bundle of the (m,n) supermanifold concerned to a OSP(m, n)
bundle, which is a larger group than the rotation part of the correspond-
ing rigid superspace theory. Just as gravity uses a geometrical structure
which allows local Lorentz frames which carry an affine representation of
the Poincaré group, the appropriate supergeometry, as first realised by Wess
and Zumino [159], must allow local frames carrying a representation of the
super Poincaré group. Thus the starting point in constructing supergrav-
ity in superspace is to consider the spin bundle of the spacetime manifold
concerned. The model considered by Wess and Zumino was based on four
spacetime dimensions; the 4-dimensional spacetime of the theory will be de-
noted P, the metric g and the spin bundle spinP, while the 4-dimensional
vector bundle over P associated to this spin bundle via the Majorana rep-
resentation of the spin group SL(2,C) will be denoted S. The required
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(4, 4)-dimensional supermanifold is then P = S(P, S). As coordinate neigh-
bourhoods for this supermanifold contractible coordinate neighbourhoods
of P may be taken, which will also be trivialisation neighbourhoods for the
spin bundle, obtaining local coordinates (z™;6%) with transition functions
taking the standard form (8.5) so that the even coordinates ™ transform
as on P while the odd coordinates 6% rotate according to the Majorana
representation of the transition functions of the spin bundle. This will
provide us with an atlas of charts on P, but more general coordinate sys-
tems (z™;6*) will also be needed. The Riemannian metric on P, together
with the particular construction of the supermanifold M, means that the
frame bundle of P admits a reduction to a SL(2, C) bundle; elements of this
bundle are known as vielbein and denoted (E4) = (Eq, Ea) = (Eq, Ea, Ej)
where a is an SO(3, 1) vector index and « and A, A are 4 and 2 component
spinor indices as before, while 4 includes both vector and spinor indices.
(Here the convention used is that letters near the beginning of the alphabet
are used for indices in the vielbein basis, while letters in the middle of the
alphabet are used for coordinate indices. Caligraphic capitals are used for
general indices, lower case Latin indices for vector indices, lower case Greek
for 4 component spinors and plain capitals for 2 component spinors.)

Elements of the vielbein bundle are ordered bases of the tangent space
at points of M, and so can be expanded in a general coordinate basis (,)XLM
giving a vielbein matrix

My Eam Eau
(EA™M) = (Eam EJ) : (13.28)

It is also useful to consider the dual basis E of the cotangent space and
the corresponding inverse vielbein matrices

A En® E,%
(EM ) - <Eua Eﬂa > (1329)

corresponding to expansion in the basis dX™ of coordinate differentials.
The inverse vielbein matrix elements contain the fields of the system. In
order to obtain the correct field content, implement the supersymmetry
transformations and construct the action of the theory further geometry is
required. A connection ¢ in the reduced frame bundle is required whose
torsion, while not required to be zero as in conventional Riemannian ge-
ometry, is still subject to some constraints. Working in a vielbein basis the
connection has components ¢4,° and ¢4,”. Wess and Zumino specified
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that certain torsion components should satisfy constraints,
Tagc = 72[3, TolgV = O, Tabc = Taﬁc =0 and Tabc = 0, (1330)

while the other components are unconstrained. Some aspects of these con-
straints follow from geometric consistency and the requirement that rigid
supersymmetry should emerge in the limit where the vielbein matrix is the
identity matrix, others are justified by the physical content of the resulting
theory. Identifying the physical fields and calculating the supersymmetry
transformations is a technical procedure using the Bianchi identities, whose
properties were analysed by Dragon [46]. Details of this process are beyond
the scope of this book, and may be found in a number of texts including
[28, 157, 160].

Because the superspace formulation of supergravity includes vielbein, it
is again possible to use integration to construct supersymmetry invariants.
This is because the vielbein provide a Berezin density (as in Section 12.3)
which takes the form

E = sdet (Ep?) d*zd*e. (13.31)
A simple example of such an invariant is
/E = sdet (Ep™) d*zd*6. (13.32)

which, if multiplied by the correct factor, is in fact the action for the N =1
supergravity theory with minimal auxiliary fields.

There are many other possible supergravity theories beyond the four-
dimensional model discussed here; both the dimension and the number of
supersymmetries may be increased. For theories in d spacetime dimensions
with N supersymmetries the supermanifold used usually has odd dimen-
sion 219/2N | since 2[9/2 is the dimension of the spinor representation in d
dimensions. (Exceptions occur for instance when Majorana Weyl spinors
exist.) The supermanifold is constructed in the standard way from the
N power of the spinor bundle, and carries vielbein Er* corresponding
when N = 1 to a reduction of the bundle of super frames to the spin
group as above. When N > 1 the reduction is more complicated. Super
manifolds with these structures will be said to carry supergravity geome-
try. Each supergravity model requires its own set of torsion constraints;
models exist whose superspace formulation is incomplete,e there is no uni-
versal prescription for constructing the supergeometry. Various approaches
have been adopted to overcome these difficulties, particularly interesting
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from the point of view of supermanifold geometry being the harmonic su-
perspace of Galperin, Ivanov, Ogievetsky and Sokatchev[59]. There are
also problems with constructing actions and other necessary invariants as
superspace integrals, because of the physical dimensions of such objects.
However where the superspace formalism is complete it provides a power-
ful tool for maintaining supersymmetry during quantization and analyzing
possible counterterms and hence renormalisability.

In two dimensions the Hilbert action for gravity is a topological invari-
ant; while such models do not lead to propagating fields, they have proved
to be of importance both in topological quantum field theory and in string
theory. Two-dimensional supergravity is the basis of the Brink, Vecchia
and Howe action for the spinning string [27], which is the supersymmetric
version of the Polyakov action [111] for the bosonic string. The geometry of
the superspace formulation of two dimensional supergravity is considered in
Chapter 14 where, combined with superconformal transformations, it leads
to the notion of super Riemann surface.

13.3 Super embeddings

In this section a super geometry technique, referred to as superembedding,
for the study of supersymmetric extended objects know as branes is de-
scribed. This approach was first developed by Sorokin, Tkach, Volkov and
Zheltukhin [142, 143] for super particles, and then developed by a number
of authors for extended objects. A unifying picture, using the de Rham co-
homology of supermanifolds, was presented by Howe, Raetzel and Sezgin in
[77], and it is the generic, supergeometric features of their approach which
is described here.

In general a p-brane is an p-dimensional object moving in a D dimens-
ional spacetime, sweeping out a (p + 1)-dimensional subspace known as the
world surface. A 0-brane is a particle, a 2-brane a string and so on. The first
steps towards such theories of embedded objects came with string theory;
a bosonic string sweeps out a two dimensional surface in spacetime. There
are two ways in which string theory can acquire supersymmetry. The first
is the so called spinning string which is considered further in Chapter 14.
This can be formulated by making the world surface supersymmetric, lead-
ing to a super world surface which is a (2,2)-dimensional supermanifold.
The second way in which a string can acquire supersymmetry is when the
spacetime in which the string moves becomes a superspace, which leads



Supermanifolds and supersymmetric theories 179

to Green-Schwarz superstrings [64]. The work of Sorokin, Tkach, Volkov
and Zheltukhin [142, 143] began a unification of these approaches, provid-
ing a natural geometric explanation of the x or Siegel symmetry of the
Green-Schwarz super string (and of the super particle). At the same time
theories of p-branes with higher values of p were being developed, such
as the Dirichlet or D-branes on which open strings have their ends. The
superembedding formalism of [77] handles supersymmetric p-branes for all
known values of p in a formalism where both the world surface and the
space time are supermanifolds.

A super embedding is an embedding f : M — M where both M and
M carry supergravity geometry with vielbein E# and E4 respectively;
the domain M is known as the world surface, and has dimension (d, 3D’)
while the target space M has dimension (D, D’). Local coordinates on
M are denoted by X = (z;¢{) and on M by X = (z,§) so that in local
coordinates the super embedding is expressed as Z(Z). It is useful to define
the embedding matrix

MOXM
oxXM M

The embedding matrix is thus the differential of the embedding map re-
ferred to the preferred bases F4 and E4 of the tangent space of M and
the cotangent space of M respectively.

A key geometric features of the superembedding method is the embed-
ding condition [78] which requires that the odd tangent bundle of the world
surface should be a sub-bundle of the odd tangent bundle of the target su-
per spacetime. This embedding condition can be expressed in terms of the

Ear=E4 (13.33)

embedding matrix as
&4 =0 (13.34)

where as before « is a spinor index and a is a Lorentz vector index. This
condition allows the identification of supersymmetry multiplets for the the-
ory concerned, along with their transformation properties. Details of this
procedure, which are beyond the scope of this book, may be found in [77].
As with the torsion constraints in the superspace formulation of supergrav-
ity, the justification for this embedding condition is partly from the physics
of the theory concerned.

It will now be shown that the de Rham theorem for smooth superman-
ifolds allows actions for p-branes to be constructed. This method, which
was developed by Howe, Raetzel and Sezgin [77], uses another key feature
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of the superembedding formalism for a brane, its Wess-Zumino form. For
a p-brane this is a closed p + 2 exterior form W on the super world surface
M. Tts particular form varies from theory to theory. Since W is closed it
is a representative of a p + 2 de Rham cohomology class on the G*° super-
manifold M. However by Theorem 10.3.5 the de Rham cohomology of M
is isomorphic to that of its body My which is a (p + 1)-dimensional C'>
manifold and thus has no nontrivial de Rham cohomology at degree higher
than p + 1, and so the Wess-Zumino form W must be exact. As a result
there will exist a p + 1 exterior L form on M which satisfies

AL =W. (13.35)

The p+1 exterior form L is unique up to the exterior derivative of a p-form,
and so the integral

S = / L (13.36)
Mg

(constructed as in Section 11.7) provides a function of the fields of the
theory which is invariant under supersymmetry transformations. In many
cases of interest this integral is the action which determines the dynamics.



Chapter 14

Super Riemann surfaces

A super Riemann surface is a (1,1)-dimensional complex supermanifold
which obeys an extra superconformal condition which is described below.
From the point of view of supermanifold theory super Riemann surfaces are
interesting because they provide the simplest examples of non-split super-
manifolds. However the main motivation for the study of super Riemann
surfaces has come from string theory, since they arise naturally in the ex-
tension of the Polyakov quantization method to the spinning string using
the approach of Brink, P. Di Vecchia and Howe [27].

The notion of super Riemann surface follows from Howe’s analysis [76]
of the superspace geometry of superconformal transformations in two di-
mensions, and was first defined by Baranov and Schwarz [6, 7] and by
Friedan [56] in their work on string theory. Much of the basic theory of su-
per Riemann surfaces may be found in the paper of Crane and Rabin [37],
while many other developments of the theory of super Riemann surfaces
and its application to the quantization of the spinning string were given by
Rosly and Schwarz and Voronov [130, 131}, Baranov, Manin, Frolov and
Schwarz [5] and Belavin and Knizhnik [15]. While it is possible to describe
super Riemann surfaces in the algebro-geometric language, the data of an
individual super Riemann surface includes odd moduli, so that either some
auxiliary algebra is required or families of super Riemann surfaces must be
studied as in the work of LeBrun and Rothstein [98]. Further developments
of the theory of super Riemann surfaces have been made by Freund and
Rabin[55], who proved that all super tori are algebraic, and by Rabin and
Topiwala[115] who extended this result to all super Riemann surfaces. Ra-
bin has also studied super elliptic curves[113], while Myung has introduced
theta functions on such super Riemann surfaces[106]. In this book we con-
fine attention to N = 1 super Riemann surfaces. Extended super Riemann

181
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surfaces have been studied by Cohn[31].

Section 14.1 describes Howe’s formulation of the geometry of the spin-
ning string in superspace, which is the basis of the definition of super Rie-
mann surface given in Section 14.2. Section 14.3 considers the supermoduli
space of super Riemann surfaces, and in Section 14.4 a theory of super con-
tour integration is developed. Finally in Section 14.5 the algebraic structure
of various spaces of functions on super Riemann surfaces is discussed.

14.1 The superspace geometry of the spinning string

The starting point of the superspace quantization of the spinning string is a
Euclidean version of Howe’s formulation of the classical dynamics in (2, 2)-
dimensional superspace [76]. This theory is constructed on the standard
(2,2)-dimensional supermanifold for N = 1 supersymmetry constructed
over a 2-dimensional Riemannian manifold with spin structure described in
Section 13.2. Of course this supermanifold, which is a real, G* superman-
ifold, is a split supermanifold, it is the superconformal features introduced
below which lead in general to a non-split complex supermanifold structure.
The classical action for this theory is

S

i/dedQH ED,V DV (14.1)

where V is a supersmooth function on M.

The construction of the (2,2)-dimensional supermanifold M makes it
clear that there is a reduction of the super frame bundle of M from the
super Lie group GL(2,2;Rg) to the group U(1). This reduced bundle is
central to Howe’s construction, and it is useful to use vielbein (c.f. Sec-
tion 13.2) which encode this explicitly, in other words, to select a super
basis {Eq, Eqla =1,2,a = 1,2} of the tangent space to M which trans-
form under e € U(1) according to the rule

(g;l) - (V(git) S(S”)> <§Z) (14.2)

where V and S are respectively vector and spinor representations of U(1).
Already this tight structure makes it clear that one is not simply consid-
ering Riemannian geometry on a supermanifold. As in the case of higher
dimensional supergravity theories, further structure is required to generate
the correct physical theory. The next step is to choose a connection in the
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vielbein bundle such that the torsion T'45€ satisfies the constraints
Top® = 725, Tog” =0 and T,°=0. (14.3)

These constraints mean that the various components E 4™ of the vielbein
cannot be freely specified; it is shown by Howe [76] that these constraints
do lead to the desired physical theory of the spinning string. Although
the (2, 2)-dimensional geometry may seem a little messy it is essential as a
bridge between the ‘real’ world of physics and the mathematically elegant
world of super Riemann surfaces. Polyakov-Brink-Di Vecchia-Howe quan-
tization involves integration over the space of all Ej;# which satisfy the
constraints and all fields V', modulo the symmetries of the theory. As will
now be explained, this somewhat complicated space can be usefully formu-
lated in terms of the supermoduli space of super Riemann structures. The
symmetries of the theory are the group of general coordinate transforma-
tions of the supermanifold and a group of transformations of the vielbein
defined by Howe which are super analogues of the conformal transforma-
tions of a conventional Riemann metric. These transformations, which are
referred to as super Weyl transformations, act on the vielbein in the fol-
lowing manner:

Ep® — AENM,
En® > ATEy® — IN 320D (14.4)

Here the parameter A is an even G*° invertible scalar function on the su-
permanifold M. These transformations, which were first derived by Howe,
are slightly more complicated than a simple rescaling of the vielbein, but
are the simplest which preserve the torsion constraints while placing no
restriction on the parameter A. Thus one finds that one must integrate
over the space of super Weyl and supersmooth equivalence classes on M,
M itself being determined by the choice of genus and spin structure on the
underlying manifold M[g. The link between the real (2,2)-dimensional ge-
ometry and the complex (1, 1)-dimensional super Riemann surface concept
of Baranov and Schwarz [6, 7] and Friedan [56] is provided by the impor-
tant observation of Howe [76] that a local coordinate system can always be
found in which the vielbein are super Weyl flat. A vielbein Ej;4 is said to
be super Weyl flat if it is obtainable from the flat vielbein
En® =08 En®=0

m

E, =0 E,* =62 (14.5)
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by a super Weyl transformation. That is, Ey4 is flat if it is of the form
EMa = AEMa
EMa = A%EMQ - Z'EMa’ygﬁ’ZjﬂA (146)

for some parameter A.

14.2 The definition of a super Riemann surface

A super Riemann surface is defined to be a (1,1)-dimensional complex
supermanifold which satisfies an additional superconformal condition.

Definition 14.2.1

(a) A super Riemann structure on a (1,1)-dimensional complex su-
peranalytic supermanifold M is an atlas of superanalytic charts
{(Uqas¥a) o € T} on M such that whenever U, N U, is non-empty
the corresponding coordinate transition function (za,Cn) — (Za/, Ca’)
is superconformal in the sense that the super derivative D = a% + ¢ %
transforms covariantly with

Do = Dolor D - (14.7)

(b) A super Riemann surface is a (1, 1)-dimensional complex superanalytic
supermanifold M together with a super Riemann structure on M.
The coordinates in the preferred atlas are known as superconformal
coordinates.

(c) A superconformal isomorphism of super Riemann surfaces M and A
is a bijective mapping f : M — N which is a superanalytic diffeomor-
phism and which maps superconformal coordinates to superconformal
coordinates.

The relationship between superconformal classes of super Riemann surfaces
and super Weyl equivalence classes of (2, 2)-dimensional real supermanifolds
built on spin bundles then emerges in the following way. Starting with the
real (2,2)-dimensional supermanifold M, using Howe’s result one chooses
everywhere coordinates (z!,x2;01,62) such that the vielbein E w are su-
per Weyl flat. Combining these coordinates into complex coordinates (z; ()
with z = 2! 4422 and (, ¢ chiral, one finds that changes of coordinate which
preserve the super Weyl flatness of the vielbein are exactly the supercon-
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formal changes of coordinate [164, 61], so that a super Riemann structure
has been obtained.

It is possible to obtain an explicit expression for a superconformal
change of coordinate (z;¢) — (%;¢): taking the general superanalytic
change of coordinate

Z=f2)+CBz),  C=v(2)+Cg(2) (14.8)

and applying the superconformal condition (14.7), which implies that
Dozar = CaDalur, shows that the functions 5(z) and g(z) are determined
by f(z) and 9(z), explicitly

2=f(2)+WVF(R),  (=vE)+PE) (). (14.9)

This shows that the underlying manifold of a super Riemann surface is a
classical Riemann surface with coordinate transition functions fig. It also
shows that the supermanifold S(M, v/ K) constructed from a classical Rie-
mann surface M, where K denotes the canonical line bundle of M and v K
denotes the choice of spin-bundle corresponding to a choice of square root
of K, using the construction Theorem 8.1.1, is a super Riemann surface. In
this case the even part f of the coordinate transition function is simply the
Grassmann analytic continuation of the corresponding transition function
on the Riemann surface, the sign of the square root \/f/(z) is determined
by the chosen spin structure, and the odd part v is zero. Such a super
Riemann surface will be referred to as the canonical super Riemann surface
over M corresponding to the given spin structure v/&. Not all super Rie-
mann surfaces are canonical; in fact non-split super Riemann exist, as will
emerge below, and the supermoduli space of super Riemann structures has
both even and odd coordinates.

Three important examples of super Riemann surfaces, which play a key
role in the uniformisation theory developed by Crane and Rabin [37], will
now be described.

Example 14.2.2

(a) The complex superspace C}g’l with natural coordinates (z, () is a super
Riemann surface, which will be denoted SC.

(b) The canonical Super Riemann surface corresponding to the unique spin
structure on the Riemann sphere C* will be denoted SC*. Correspond-
ing to the standard coordinates z, Z on C*, with z = %, there are coor-
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dinates (z,(¢) and (2, () with

z =

and ¢ = z%{ (14.10)

ISR

(¢) The canonical Super Riemann surface corresponding to the unique spin
structure on the upper half plane U will be denoted SU.

These three super Riemann surfaces are the only cases whose body is simply
connected.

The simplest example of a non-split super Riemann surface is the super
torus , which uses to the odd spin structure on a classical torus.

Definition 14.2.3 The super torus 7 (a,d) is the super Riemann surface
Cg'/T where T is the ‘super lattice’ action

(2;¢) — (2 +n+m(a+¢8);¢+md). (14.11)

Here m and n are integers, a is an even complex Grassmann parameter
with J(agg) > 0 and 0 is an odd parameter.

14.3 The supermoduli space of super Riemann surfaces

This section relies very heavily on Crane and Rabin’s pioneering work on
super Riemann surfaces [37]. The first step in the investigation of super-
moduli space is the uniformisation theory of super Riemann surfaces, of
which the key result is Theorem 14.3.2. This depends on first identify-
ing the simply connected super Riemann surfaces, and then identifying the
appropriate super analogue of the M&bius transformations of the complex
plane.

In the proof of the following proposition, which establishes that SC,
SC* and SU (Example 14.2.2) are the only super Riemann surfaces with
simply connected body, use is made of the concrete supermanifold formal-
ism, working level by level in the Grassmann algebra Cg.

Proposition 14.3.1  Suppose that M is a simply connected super Rie-
mann surface. Then M is superconformally diffeomorphic to SC, SC* or
SU.

Proof Let {U,|a € T} be an open cover of M by coordinate neigh-
bourhoods, with local coordinates on each U, denoted (zq,(s). Suppose
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that a, # and v in T are such that U, N Ug N U, # 0, and that func-
tions £ B fBY 4P and £V, determine the changes of coordinate
(26, G3) = (20 Ca)s (33 y) — (26,Cp) amd (23,G,) — (2, Ga) Tespectively
as in (14.9). Then consistency of changing from the « system to the ~
system either directly or via the 3 system gives the cocycle condition

Fo7 = (£ 0 ) 47T (07 0 ) \ [ (£ 0 57

0T = (@8 o fI) 4T \[(faB o £59) 4 (a8 o 5T (YT o f5).
(14.12)

Analysing this level by level in Cg, level zero gives
fal = fab o fg) (14.13)

which simply confirms that f[‘g)]”, f[%]ﬁ and f[%]” are the coordinate transition
functions of the body of M. At level one the coefficient of ;) gives

v =g o i+ el F (14.14)

Multiplying through by the local representative e“ of a section e of the
spinor bundle on Mg gives

eawzx'y _ eaw;lﬁ ° f[%iY + eﬁdjiBV’ (14.15)

where the fact that e® = e® ,/ f[%]ﬁ "o f[%]” has been used. This shows that

{e®y7|(a,7) € T x Y} are the local representatives of a cocycle in Cech
cohomology group of My with coefficients in the sheaf of cross sections of
the spinor bundle of Mjg. Crane and Rabin observe that this cohomology
is trivial, and hence that there exist {n®|a € T} such that

e = el — e, (14.16)

This allows a superconformal redefinition of coordinates (3%,(,) with
f(2a) = 2o and ¥(2) = n*(24)B:) Which leads to ¢{"” = 0. Similar ar-
guments allow successive conformal redefinition of coordinates in such a
way that all soul terms in the redefined f*?, and all terms in the redefined
1P become zero. This establishes the result. |

The group that plays the role of the group of Mdobius transformations in
the super setting is the group SPL(C, 2) of superconformal transformations
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of SC of the form (14.9) with

az+b 72+
cz+d’ and  9(z) = cz+d

f(z) =

where a, b, c and d are even elements of Rg and satisfy ad — bec = 1 while
and § are odd. This group may be obtained by exponentiation of the su-
perconformal algebra with even generators L_1, L1, Ly and odd generators

(14.17)

G% , G_% and bracket
[Lmﬂ Ln] = (TL - m)Ln+m
m
[Lma Gr] = (5 - T‘) GerT
Gy, Gs] = 2L, s . (14.18)

As first shown by Crane and Rabin [37], this is the group of superconformal
automorphisms of the super Riemann sphere. The proof of the uniformisa-
tion theorem is not an entirely straightforward generalisation of the classical
one because there are superconformal automorphisms of SC' and SU which
are not in SPL(C,2). However Hodgkin [73] has shown that all elements
in these automorphism groups can be obtained by conjugation of elements
of SPL(C,2), which irons out this difficulty, and allows the following uni-
formisation theorem.

Theorem 14.3.2  Any super Riemann surface is either SC* or the quo-
tient of either SC or SU by a discrete subgroup I' of the group SPL(C,2)
acting properly and discontinuously with respect to the DeWitt topology.

Outline of proof If M is a super Riemann surface with body ./\/l[@
then its universal cover M is a super Riemann surface whose body is M[@
Also, M may be given a superconformal structure in such a way that the
covering group of M acts by superconformal transformations. Thus any
super Riemann surface will have universal cover either SC*, SC or SU, and
will be the quotient of one of these super Riemann surfaces by a discrete
subgroup I of the group of superconformal automorphisms of its universal
cover which acts properly and discontinuously with respect to the DeWitt
topology.

Since no subgroup of the Mdbius group acts properly discontinuously
on C*, there cannot be any subgroup of SPL(C,2) which acts properly
discontinuously on SC* with respect to the DeWitt topology. Thus, since
SPL(C,2) is the group of superconformal automorphisms of SC*, the only
super Riemann surface with universal cover SC* is SC* itself. Use of
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Hodgkin’s result [73] that up to conjugation the group of automorphisms
of SC and SU are both SPL(C, 2) establishes the theorem. [ |

Thus, using the fact that the fundamental group of a Riemann surface
of genus g has 2g generators and one relation, it can be deduced that
super Teichmiiller space has real dimension (6g — 6,4g —4). (There will be
points in Teichmiiller space where the even moduli are zero, but the odd
moduli are non-zero, for which the corresponding super Riemann surface
will be singular in the sense that it will have to be formulated using the
fine topology as in Example 5.3.2.) The structure of supermoduli space has
received some attention [98, 75, 45] but is not fully resolved. The structure
of supermoduli space is important because the functional integral approach
to the quantization of spinning strings is expected to lead ultimately to
an integral over this space; as has been seen in Chapter 11 there may be
difficulty in defining such integrals if the supermoduli space is not split.

14.4 Contour integration on super Riemann surfaces

In this section a theory of contour integration for superconformal curves in
SC' is developed. The superconformal structure of a super Riemann surface
then allows an object known as half-form whose contour integration pos-
sesses many of those features of classical integration which can be difficult
to preserve on a supermanifold. The integral is defined using the double
integral with odd and even limits developed in Section 11.6.

Starting with SC' (which is simply (C}gl equipped with a canonical super
Riemann surface structure), the trivial super Riemann surface, a supercon-
formal curve is defined to be a mapping

C:U— (Cgl
(t;7) = (e(t; 7);y(t5 7)) (14.19)
(where U is open in Rls’l) that is real superconformal so that (extending

(11.88) by allowing a complex codomain) there exist C* functions f : R —
Cgs1 and ¢ : R — Cgo with

C(t:7) = () + 160V T @, 76(0) + VI + 6OF D) - (14.20)

Suppose that C(a;a) = (p;m) and C(b;5) = (r;p). The integral of a
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function f : (C}q’1 — Cg from (p;7) to (r; p) along C' is defined to be

/C[pm;r;p] Jlzopz = /j /ab N )Pyt 7)PT (14.21)

This integral has two useful transformation properties. First, it is in-
variant under superconformal reparameterisation of the curve C. That is,
if K is an invertible real superconformal map of R};’l onto R};’l, then

/ f(z:0)DZ = / fODZ. (1422)
Clp;m:r;p]

CoK|[p;m:r;p]

This result follows from the change of variable rule (11.89) and the chain
rule (11.90) for superconformal functions.

Additionally further use of the change of variable rule shows that this
contour integral transforms naturally under superconformal change of co-
ordinate on SC; explicitly suppose that H : SC — SC' is superconformal
with H(z;¢) = (h(z;{);n(z;¢)). Then, if G is a supersmooth function on
SC,

G(Z2)DZ' = / G(H(Z))DznDZ. (14.23)

Clp;m:r;p]

/Hoc[H(p;ﬂ):H(r;p)]

This rule follows from the chain rule (11.90) which is also valid when K :
SC — SC and F has domain SC.

The contour integral of a superanalytic function obeys a Cauchy theo-
rem.

Theorem 14.4.1  Suppose that C' is a closed superconformal curve in SC
such that the closed curve Clg) is a Jordan curve in C. Let U be an open set

in C which contains Cig) and its interior and F' be a superanalytic function
on (€11) 2 (U). Then

/ F(Z)DZ =0. (14.24)
c

The theorem may be proved by expanding in powers of the odd parameter
7 of the curve and applying the classical Cauchy theorem.

It is possible to define a winding number for a closed superconformal
curve, and also to use the Cauchy theorem to provide an integral represen-
tation of analytic functions. The winding number of the superconformal
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curve C about the point (r;p) in SC is defined to be

1 _
N(C) = —,/ C=Ppy. (14.25)
2mt Jo z—7
Application of the Cauchy theorem then shows that if F' satisfies the con-
ditions of Theorem 14.4.1
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F(r;p) = N{C) /c F(z¢)DZ. (14.26)

The transformation rule (14.23) makes it clear that the type of object
which can be consistently integrated along a superconformal curve must
have a local representative which transforms according to the superconfor-
mal scale factor D({. Such an object will now be defined.

Definition 14.4.2 A half form W on a super Riemann surface M is an
object which in a local coordinate system has the expression W(Z)DZ and
the functions W(Z), W(Z') on overlapping coordinate patches are related
by

W(Z) = W(Z'YDy(' (14.27)
where Z'(z;¢) = (2/(2); {'(Z)).

A definition of half form in terms of the reduction of the bundle of superan-
alytic frames of M which exists by virtue of the superconformal structure
is also possible. The transformation property (14.27) of half forms together
with the change of variable rule (14.23) makes it immediately clear that a
half form has a well defined integral along a superconformal curve in M.

14.5 Fields on super Riemann surfaces

Many of the applications of the theory of super Riemann surfaces to the
calculation of multiloop contributions in string theory depend on certain
spaces of fields on super Riemann surfaces having a super vector space
structure that they do not in fact possess. Not only do these spaces lack
this structure, but also the nature of these spaces may vary as one moves
around the moduli space of super Riemann surfaces corresponding to fixed
genus and spin structure on the underlying Riemann surface. This difficulty,
which undermines some of the methods used, was first observed in the
literature by Giddings and Nelson [62] and then extensively analysed by
Hodgkin [74].
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On a split super Riemann surface the problem does not occur. Denote
by M the canonical super Riemann surface S(M, vK) with compact body
M and spin structure v K, and suppose that (z4;(,) are local coordinates
on M. Then the local representative of an even superholomorphic function
g on M takes the form

ga(Za; Ca) =p+ Caﬂ—a(za) (1428)

where p is a constant element of Cgg and 7, is the local representative
of a Cgi-valued section of the spin bundle v K. As a result the space of
superholomorphic functions has the structure

O(M) = (Cso ®C) & (Cs1 ® I(VK)). (14.29)

Spaces of cross-sections of other bundles over S(M,+/K) have analogous
super vector space structure.

However, although such a structure appears to be required for the su-
perholomorphic quantization of the spinning string, the space of super-
holomorphic functions on an arbitrary super Riemann surface does not in
general have the required structure. A simple example where this structure
breaks down is on the super torus of example Example 14.2.3 [62, 74]. In
this case, as is clear from (14.11), the most general even superholomorphic
function takes the form

9(z¢) = c+1C (14.30)

where 7 is a constant element of Cg; which must satisfy vd = 0. This
condition prevents the space of functions having the simple structure of a
(1, 1)-dimensional super vector space except in the split space where § = 0.

In [129] a modified definition of superconformal function was given lead-
ing to a space which does have the required structure. The rough idea is that
a superconformal function on a super Riemann surface is a cross-section of
a (1,1) dimensional holomorphic vector bundle on the surface which has
gOt

local representatives of the form <
aJa

). (Baranov and Schwarz empha-

sise the importance of the pair (g, Dg) in their work on poles and zeroes on
super Riemann surfaces [6].) The required vector bundle, which was first
constructed by D’Hoker and Phong [44], is constructed in the following
proposition.

Proposition 14.5.1  Suppose that M is a super Riemann surface with
superconformal structure {(Uq, ¥o)|a € T}. Fora, 8 in Y with U,NUg # 0
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define Mag(23;C(s) = Dglalzs;(3) so that Dg = Mapg(23;(3)Da. Also, with
the notation of Proposition 14.3.1, define the GL(1, 1; C)-valued function on
Yp(Ua NUp) by

1 (Maﬂ(Zﬂ)‘“/)aﬁ) , (14.31)

0 (Map(zp)~"

Then these functions are the transition functions of a (1,1)-dimensional
super vector bundle on M. This super vector bundle will be denoted E .

Rap(23; () = <

Outline of proof Using (14.12), it may be shown that, for each « in
T, Raa(za; (o) is the identity matrix. Also, for each a, 8 in T such that
Ua NUz # 0, Rap(28;¢3) ™" = Rpa(2a; ) and for each a, By in T such
that U, NUg NU, # 0,

Rany (241 Cy) = Rap(¥py(2a: (3)) Ry (243 Cy) (14.32)

|
The notion of superconformal function can now be defined.

Definition 14.5.2 A superconformal function is a cross-section of the
super vector bundle FExq such that at every point there exists a local coor-

dinate system (24, (,) in which the components <f]/a Eio” ga;) of the local

representative satisfy v4(za, (o) = Daga(2a,Ca). The space of such fields
is denoted SC(M).

The point of this construction is that it leads to an object whose first order
term in the Taylor expansion in ¢ has sufficient freedom to allow the desired
super vector space structure for SC(M), so that the following theorem can
be established.

Theorem 14.5.3
SC(M) 2 (Cgo ® C) & (Cs1 ® T'(VK)). (14.33)

An elegant proof of this result by Rabin, much improving on that of [129],
may be found in [114].
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Chapter 15

Path integrals on supermanifolds

Historically, one of the first uses of anticommuting variables in physics was
by Martin [103, 102], who extended Feynman’s ‘sum over histories’ ap-
proach to the quantization of bosonic particles to fermions. These methods
have been widely developed, leading to a battery of techniques described in
a number of books including those of Roepstorff[117], Schulman[137] and
Swanson[148]. Inoue and Maeda have considered fermionic path integrals
in the contect of their work on superanalysis [82].

In this chapter a brief review is given of these ideas together with
their more formal expression in terms of analogues of Brownian motion
and Wiener measure on a purely odd superspace. This is the content of
Sections 15.1 and 15.2. In Section 15.3 these constructions are then com-
bined with classical Brownian motion and Wiener measure to develop path
integrals on superspace. Stochastic calculus is extended to superspace in
Section 15.4, and these methods used in Section 15.5 to define Brownian
paths on supermanifolds which can be applied to various geometric oper-
ators. With the aim of ensuring that the material is accessible to readers
without extensive expertise in probability theory, a rather more informal
style, without full analytic rigour, is adopted in places.

The generalised probabilistic methods described here can be applied to
systems with supersymmetry, BRST-quantized systems such as those in
Chapter 16 as well as to the study of some classical geometric operators as
in Chapter 17.

15.1 Path integrals and fermions

Fermionic degrees of freedom do not appear in classical physics, they are
purely quantum phenomena. However, in techniques for quantum theories

195
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which require a classical system which is then quantized, ‘classical’ fermions
are required; one way of constructing such objects is to use anticommuting
variables, leading to canonical anticommutation relations on quantization.
These variables do not directly model physical reality, and the models in-
volved are sometimes referred to as pseudoclassical.

As an example of such a system, a fermionic oscillator will be considered.
This is a system whose phase space is Rg’2, with anticommuting phase space
variables 9!, 1? and Poisson bracket

{v', 07} = 6" (15.1)
The Hamiltonian for the system is
H =iap'e? (15.2)

where a is a constant. The system is quantized by taking states to be func-
tions on RY?; taking #', 6% as natural coordinates, the fermionic operators
' i =1,2 are represented as differential operators:

. 0
vi= 1 (9% + 391) . (15.3)

Direct calculations show that these operators obey the canonical anticom-
mutation rule

[vf, 7] = 6% (15.4)

which is the expected quantization of the Poisson bracket (15.1).
The Hamiltonian operator is thus the second order differential operator

| 9 o\ o 0
H = %ZCL (9102 + <91W — sz) + ww) (15'5)

and the system is solved if one can find an expression for the evolution
operator exp (—Ht). In this case it is easily seen by direct calculation
(using (15.4) to show that (w1¢2)2 = 1) that

exp (—Ht) = coshat + ¢4? sinh at . (15.6)

This system has the usual feature of fermionic mechanics that the Hamil-
tonian has no kinetic term. The free Hamiltonian, corresponding to a = 0,
is simply zero.
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15.2 Fermionic Brownian motion

There are various ways in which one can define classical Brownian motion
and Wiener measure; an approach which allows a fermionic analogue is
to define it in terms of finite-dimensional marginal distributions. In this
approach, using the notation {b:|t > 0} for Brownian motion, the joint
distribution of (bsy, ..., bty ),0 <t <--- <ty is

Py, (0,21) Ps, (z1,22) ... Psy (xn—1,2ZN) dVx (15.7)

where s1 =t1, so =ty —t1,...,88y = SNy — Sy_1 and

Az — )2
P (z,y) = \/;_ﬂtexp< ( o y) ) (15.8)

Here x = (z',...,2™) and y = (y',...,y™) are both points in R™,
(z—y)? = > (2" —y) (2" — y'), and the distributions are those for
Brownian motion in m dimensions. This definition means that if F is a
function on the space of paths in R™ which only depends on the path at a
finite set of times ¢1,...,ty, (so that F(b;) = F(bs,,bey, ..., bty )) and duy
denotes Wiener measure, then

/dubF

= /dmxl ...dme Psl (0,$1)P52 ((El,xg)...PSN ({ENfl,{EN)

x F(x1,z9,...,2N).
(15.9)
A useful example, which will be important in Section 15.4, is that
/dub bsby = min(s, t). (15.10)

Comparing (15.9) to the usual heuristic discrete time expression of the path
integral shows that Wiener measure corresponds to the kinetic term in the
action. The function P; (z,y) is the kernel of the evolution operator for
the free particle. The fermionic analogue of this construction will now be
described. It is built in a similar manner from the evolution operator of
the free fermion, which is simply the identity operator. The function which
plays the role of P; (z,y) is thus the kernel of the identity operator; how-
ever, for reasons which will become clear below, it is defined in phase space
rather than simply position space; put another way, the Fourier transform
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variables are retained as part of the measure. Thus fermionic Wiener mea-
sure in n dimensions is built from the functions m; : Rg’?’” — Rg,t > 0
with

71 (6, 6,.p) = exp (=ip- (0 — 6)) (15.11)

where p- (0 — ¢) = > 1, pi(0° — ¢*). In this chapter, to avoid complicated
factors, it is assumed that n is even. As a result

/ & pexp (—ip- (6 — §)) = 68 — ¢) (15.12)

so that integration of 7wy with respect to the Fourier transform or momentum
variable which is its third argument gives the delta function which is the
kernel of the identity operator as required by analogy with bosonic Wiener
measure. Fermionic Brownian motion in n dimensions is then defined to be
the Rg’%—valued process with finite-dimensional joint distributions having
the form

(btl,...,tN(ola Ply---, oN; pN)
= s, (0,01, p1) Ts, (01,02,p2) ... 75y (ON—1,0Nn,pn)  (15.13)

where as before sy = t1, s5 = to —t1,...,88y = sy — sy_1. Of course this
does not define a true measure, however a notion of Grassmann probability
measure can be defined provided that the distribution functions satisfy
certain consistency conditions, specifically

/d”91 . .d”GNd"pl eee dnpN(I)tl,...,tN (91, Ply--y GN, pN) =1
and

/dne’r‘dinch...,tN (917 p17 ety 6N7 pN) =

¢t1,...,tr_1,tT+1,...,tN (917 Ply---, 97‘—17/)7‘—17 01”+17p’r‘+17 ceey oNa pN) .
(15.14)

The corresponding process is denoted (6, p;). A limiting process then al-
lows a sufficiently general notion of Grassmann random variable to be de-
fined. Further details may be found in [123, 127]. In particular, given
a function V on RY>" the random variable exp (— fot V (05, ps)ds) can be
defined in the expected way.

This measure can be used to give a fermionic Feynman-Kac formula for
a Hamiltonian of the form H = ) e, A Y. A limiting process quite
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close to the physicist’s heuristic argument shows that [123, 127]

exp (~H0) (€)= [ dusexp (— / tV(s+es+ps>ds> F(E+0,). (15.15)

The reason for this result is that the path integral on the right hand side
is (broadly speaking) the limit as N — oo of the discrete time expression

N
/ T[] @"6.d"p, 7o, (6r-1,6,,p,))
r=1

N
X exp <— Z V(E+ 0, + pr)8r> f(E+0n)
r=1

N
/H d"6,.d"p,)
r=1

N
X exp <_Z (pT'@"'V(g"‘er"’pr)) 5r> f(f+9N)

r=1 r

(15.16)

where, forr =0...N, t,. = and S, = t, — t,._1 is as before.

It should be emphaslsed that the constructions in this section do not
generalise all aspects of the classical probabilistic theory of Brownian mo-
tion; only those aspects which are expressed in terms of expectations, or
equivalently as integrals with respect to Wiener measure, are included in
this formalism. This is sufficient to extend to the fermionic setting stochas-
tic methods for studying heat kernels (or, in quantum mechanics terminol-
ogy, evolution operators) and diffusion equations.

15.3 Brownian motion in superspace

The fermionic Brownian motion described in the previous section can be
combined with classical Brownian motion to give a notion of Brownian
motion in (m,n)-dimensional superspace. This is achieved by taking the
direct product of bosonic and fermionic Wiener measure in m and n di-
mensions respectively, obtaining a measure (in a generalised sense) on the

Rm,?n (0,00

space ( g of paths in Rg“%. The corresponding super Wiener

measure will be denoted dus. Super Wiener measure has finite dimensional
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distributions
Ftl,...7tN($17917p17 oo 7$N79N7pN)

= Ps, (0,21) Ps, (x1,22) ... Psyy (Tn—1,2ZN)
X Tgy (0,91,p1)7'r52 (91,92,p2) ce e Tisy (9N71,9N,p]\]) . (].5].7)

Because all integration over even variables is of rapidly decreasing functions,
it is not necessary to dwell on any distinction between real (or complex)
variables and even Grassmann variables.

Using this measure a Feynman-Kac formula for Hamiltonians of the
form

H=131p"+V(z,¢) (15.18)

can be constructed. (The potential V' will need to satisfy certain conditions
which will not be considered here.) The Feynman-Kac formula takes the
form

exp (—Ht) f(x;€)

t
= /dufexp <—/ Vi + by € + 04 —l—ps)ds) flx+b;E+6:).
(15.19)

Again this result can be roughly proved by observing that the path integral
on the right hand side is (broadly speaking) the limit as N — oo of the
discrete time expression

N
/ H (d"mrdnardnpr PST (mr—l, mr) Ts,. (97‘—17 oTvp’r‘))
r=1

r=1

N
X exp <—ZV(w+xr,£+9r +pr)5r> fl@+an; &+ 0n)

N
_ / [ @ z.a"6,d"p,)
r=1

2
o 252 Sy

al (x'r - f’rfl)? 9r - 97«71 .
X exp —Z + pr + V(x4 z56+60,4pr) | s

x flx+an;E+0N). (15.20)
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In order to extend these techniques to supermanifolds, stochastic calcu-
lus must be developed to include fermionic Brownian motion. This is the
subject of the next section.

15.4 Stochastic calculus in superspace

In the setting of purely classical or bosonic Brownian motion, stochastic
calculus makes possible the extension of Feynman-Kac formulae to a con-
siderably wider class of Hamiltonians, or, in mathematical language, to a
larger class of second order elliptic partial differential equations. Important
techniques from stochastic calculus for this purpose include the It inte-
gral and stochastic differential equations. In this section it will be shown
that fermionic paths can be incorporated into stochastic calculus. Because
fermionic Wiener measure includes the Fourier transform variable, it is not
necessary to develop any analogue of It integral along fermionic Brown-
ian paths, indeed these paths are far too irregular for any useful integral
to be possible. An object which is required is the integral of an adapted
stochastic process on the full super Wiener space along bosonic Brownian
paths.

Because of the somewhat restricted version of probability theory be-
ing used, a simple definition of an adapted process is sufficient. A
stochastic process on super Wiener space is a collection of random vari-
ables {A|t € (0,00)}. Loosely speaking, a random variable on (m,n)-
dimensional super Wiener space is a function on the space of paths

(R?’Q") (©:00) which can be integrated with respect to super Wiener mea-
sure; the process is said to be adapted if for each ¢ in (0,00) the process
Ay depends only on values of paths at times no greater than t. Adapted
processes are important because they can be integrated both with respect
to t and along bosonic Brownian paths, in a manner which will now be
defined, again in the rather rough style of this chapter.

Definition 15.4.1 Suppose that {A4;|t € (0,00)} and, for a = 1,...,m,
{B|t € (0,00)} are adapted processes on (m, n)-dimensional super Wiener
space. Then the time integral of A; and the Ité integral of B; are defined
by

(a)
. t
Asds= lim > o5 A (15.21)

o r=0
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(b) N
t m 2% —-1 m
B*db* = li B%, ¢ e — % . 15.22
/z = gm S W(W 2N) (15.22)

Provided that A; and By satisfy certain analytic conditions these integrals
are themselves adapted processes on super Wiener space. Applications of
the It6 integral depend heavily on the fact that

/dub(bt —by) =0 (15.23)

that is, increments have zero expectation, and also that if ¢ > s then the
increment b; — by is independent of any adapted process at time less than
or equal to s while

/dub(bt )b be) = L(s—1). (15.24)

These results follow directly from the explicit form of the finite distribu-
tions.

The key theorem which underpins the application of stochastic calculus
to diffusion equations is the following It6 formula.

Theorem 15.4.2  Suppose that Z},i = 1,...,p+q are stochastic processes
on (m,n)-dimensional super Wiener space, such that

t t m
_Zgz/ Agds+/ > Cidbe (15.25)

for some adapted processes At,i =1,....p+q, Clii=1,....p+¢qa =
1,...,m, and that Z} is even for 1 <i Sp and odd forp+1<i<p-+gq.
Then if f is a supersmooth function on R

p+qg m pt+q
f(Ze) - f(Z / (Z > CiLOf(Zs)abs +> " ALDS f(Zs)ds
=1

=1 a=1
pt+q m

+1 ) > CiCia707 f(Z.)d s> (15.26)
i,j=1a=1

where =,, indicates that the related processes have the same expectation at
each t.
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This theorem is proved by considering small time intervals and using (15.23)
and (15.24).

At this stage Brownian paths on flat superspace have been considered.
In the next section it will be shown how Brownian paths may be constructed
on more general supermanifolds.

15.5 Brownian paths on supermanifolds

In order to obtain well defined Brownian paths on a supermanifold (and in-
deed on a classical manifold) stochastic differential equations are required.
These equations, which must themselves take covariant form, provide a
covariant notion of Brownian paths. That this will not be entirely straight-
forward is clear from the second order term in the It6 formula (15.26).
Even on R™ stochastic differential equations have a role, since they make
possible Feynman-Kac formulae for a wide class of diffusion operators.

Before passing to supermanifolds, the role of stochastic differential equa-
tions in providing Brownian paths on classical manifolds is reviewed. Sup-
pose that M is a compact k-dimensional manifold and that V,,a=1,...,m
are vector fields on M. Also suppose that 2%, = 1...,k are local coordi-
nates on a neighbourhood of a point p in M and that on this neighbourhood
Vo=, Vai(x)%. Then the stochastic differential equation

t
zh = 2'(p) +/ Vi (2)db? + 3V (z,) (0;Vi(zs)) ds (15.27)

is, by (15.26), covariantly defined. (It is useful to express the integrand in
this equation as V! o dbs, introducing the Stratonovich product o .) Some
rather technical steps allow solutions to this local equation to be patched
together so that a globally defined stochastic differential equation, with
unique solution, is constructed. Equipped with a solution to this equation,
the It6 formula (15.26) allows one to prove the following Feynman-Kac-1t6
formula for the Hamiltonian operator

H=-

N[

> VaVa. (15.28)
a=1

(A more general form, with potential term, is also possible.)

Theorem 15.5.1  Let x; be the solution to the stochastic differential equa-
tion (15.27). Also let f be a smooth, compact-support function on M. Then
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if the Hamiltonian H defined in (15.28) is elliptic,

exp ( /dubf Zt) (15.29)
(This theorem shows that x; is the appropriate Brownian path when the
flat Laplacian >_." | —+0,0, is replaced by the more general operator H.)

Outline of proof Using the purely bosonic version of the Itd formula
(15.26),

[ il - 1)

- [ an /taif(a:s)dxi—klz/ D ViV )00 )0 ]
:/dub /Ot 3
= [ | / Hf(xsﬂ .

H@6)0; Vi (25)0: f () + Vi () Vi (25)0;0; f (25)) ds]

(15.30)
Thus, if U; is the operator defined by
U (0) = [ i o) (15.31)
it has been shown that
Uf = /t Us(—H f)ds (15.32)
so that U; = exp (—Ht) as required. [ |

It has thus been demonstrated that stochastic differential equations al-
low one to investigate the heat kernel of a diffusion operator of the form
H = —% ZT:l V.V, on manifold. This method is valid for elliptic second
order operators on a manifold, and also for operators such as the scalar
Laplacian on a Riemannian manifold (although in this case the stochastic
paths are on the orthogonal frame bundle of the manifold rather than on
the manifold itself, as observed in [48, 81]). The techniques described here
for purely classical manifolds can be extended to Brownian paths on certain
supermanifolds to provide information about geometrical operators; these
methods are described in Chapter 17. Hamiltonians whose evolution may
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be studied by the methods described here include those of supersymmetric
systems, and also those which arise in BRST quantization as in Chapter 16.

As in the bosonic case, the extension of path integral methods to provide
rigorous functional integrals in quantum field theory is far from complete,
although heuristic methods from physics show that functional integrals in-
volving fermions are extremely powerful tools.
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Chapter 16

Supermanifolds and BRST

quantization

BRST quantization is a cohomological technique for the quantization of a
theory with gauge symmetry. In such a theory the true degrees of free-
dom are those of the fields of the system modulo some group of gauge
transformations. This can lead to a space with a complicated structure,
making the quantization problematical. The BRST procedure replaces the
complicated space with cohomology groups on a simpler space; instead of
reducing the number of fields, the number is actually increased, but the
extra degrees of freedom introduced, known as ghosts, are anticommut-
ing rather than commuting (and obey canonical anticommutation relations
rather than commutation relations). The action of the theory has further
terms added to it, which include the ghosts and their conjugate momenta.
The introduction of ghost degrees of freedom of course means that the
classical theory is now developed on a supermanifold. In many cases the
structure of the gauge group and its action on the system will mean that
this supermanifold incorporates some of the geometric features which have
been developed in this book.

In this chapter the basic ideas behind the BRST construction in the
context of a quantum mechanical system which is invariant under the ac-
tion of a finite-dimensional Lie group is explained, using the Hamiltonian
formalism. The extension of these methods to more complicated, and more
realistic, situations is also discussed. Section 16.1 describes symplectic re-
duction, the process by which the true phase space of a symmetric Hamilto-
nian system is constructed, BRST cohomology is introduced in Section 16.2
and BRST quantization, including the gauge fixing procedure, is described
in Section 16.3 while in Section 16.4 a system with topological symmetry is
described, and its BRST quantization shown to lead to important operators
in classical geometry.

207
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16.1 Symplectic reduction

The classical dynamics of a system can be formulated in two equivalent
ways, Lagrangian and Hamiltonian. In the Hamiltonian approach, which
leads directly to quantization in both the Schrédinger and the Heisen-
berg pictures, the dynamics takes place on a symplectic manifold known
as phase space. On a 2n-dimensional symplectic manifold Darboux co-
ordinates z°,p;,i = 1,...,n (in terms of which the symplectic form is
w=>" dp A dz?) always exist locally, and correspond to position and
momentum for the classical system.

A very common situation is that the symplectic manifold is the cotan-
gent bundle T*M of a manifold M. In this situation local Darboux coor-
dinates of a point a (in other words a one-form « at some point y in M)
are simply local coordinates z* of y and the coefficients p; in the expansion
a =y, pidxt. Canonical quantization is straightforward, with states
taken to be functions on M, the position operators multiplication by z?

% (where Planck’s constant % has been set

and momentum operators —i
to unity).

However when the classical system possesses symmetry the true phase
space of the system, obtained after redundant degrees of freedom have been
removed, is a symplectic manifold of lower dimension which is generally
much more complicated. The true phase space is obtained by a process
known as symplectic reduction which will now be described, in the simplest
setting in which a finite-dimensional Lie group G of dimension m acts on
the 2n-dimensional phase space N (where m < n). This group action must
have various properties, it must be free, symplectic and Hamiltonian. A
symplectic action is an action which preserves the symplectic form; the
notion of Hamiltonian action will now be described.

The group action is said to be Hamiltonian if there exists a constraint
map T : g — F(N), £ — T¢ (where F(N) denotes the space of smooth
functions on N) which satisfies the conditions

Lef ={T¢, [}
Te(gy) = Taa,e(y) (16.1)

for all fin F(N), yin N and ¢g in G [67]. (Here for each & in the Lie
algebra g of G, & denotes the corresponding vector field on N; also gy
denotes the imag_e of the point y in N under the left action of g in G
and {,} denotes Poisson bracket with respect to the symplectic form on
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N.) This is the standard set up for a constrained Hamiltonian system:
the constraint functions are the m functions T, = T¢, corresponding to a
basis {{s|la = 1,...,m} of g, and the constraint submanifold C'is the subset
of N consisting of points y such that T,(y) = 0 for a = 1,...,m. More
intrinsically, C' is the set ¢~1(0) where ¢ : N — g* is the moment map,
defined by

(0(y), ) = Te(y) (16.2)

for all y in N and £ in g (so that it is the transpose of the constraint map).
By the properties (16.1) of the constraint map, C' is invariant under the
action of G; the Marsden-Weinstein reduction theorem [101] states that the
quotient manifold C/G is a symplectic manifold with symplectic form v de-
termined uniquely by the condition 7*v = 1*w, where w is the symplectic
form on N, ¢ : C — N is inclusion and 7 : C — C/G is the canonical
projection. The symplectic manifold obtained by this two stage reduction
process is the reduced phase space of the system and will be denoted N/ G.
It is the true phase space of the system and is in general a rather compli-
cated space, even when N is simple, and may not admit a polarisation as
required in quantization to determine the position-momentum split. The
BRST approach which the central topic of this chapter is a cohomological
formulation which leads to a straightforward quantization procedure.

A further advantage of the BRST procedure is that it allows a fully rig-
orous gauge-fixing procedure. Without the BRST approach, gauge-fixing
is attempted by seeking a further set of conditions (in addition to the con-
straints) which pick out exactly one element in each gauge orbit. The
well-known Gribov problem [66] means that in general such conditions do
not exist. In the BRST approach this issue takes a different form, and is
more generally solvable [125].

The situation described above, with a finite-dimensional Lie group G
action defined on the phases space IV, is in fact too restrictive for many
situations. It is often the case that the action of the finite group can only
be identified locally, and even this local action may only be an infinitesimal
action at the level of the Lie algebra. There will however be an infinite-
dimensional Lie group G which acts globally on the phase space. The
reduction process for this situation will now be described; it is in fact
rather similar to that for the simpler situation described above, and leads
to a similar BRST quantization procedure; the supermanifolds involved are
rather more interesting.
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Suppose that G is a Lie group which acts symplectically on N and that
there is an open cover {U,|oc € A} of N and, for each ¢ in A, a neigh-
bourhood V, of the identity of G such that V, acts locally on U, in the
following sense: there is a map V, x U, — N, (g,y) — gy such that if
g,h and gh are in V, and y, hy are in U, then (gh)y = g(hy). It is also
required that the local G action is free, although the global G action may
have fixed points. Also suppose that this local G action is compatible with
the G action in that if 7 is an element of §, the Lie algebra of G, then,
for each basis {{,]a = 1,...,m} of g (the Lie algebra of the finite group G)
and each o € A there exist m functions 4o Us = Ra=1,...,m such
that for every f in F'(NV)

ifly, = dtoallu, - (16.3)

(Here again the notation is used that 7j denotes the vector field on N cor-
responding to the element 77 of g, and so on.) This group action is said
to be Hamiltonian if both the global G action and the local G action have
constraint maps, denoted T and T, respectively, with

Tﬁ|UU = q%g Toa . (164)

The number of independent constraints is equal to the dimension of G
rather than G.

An example of these structures occurs when the phase space NN is the
cotangent bundle T*M of an n-dimensional manifold M, G is the diffeo-
morphism group of M (which acts naturally on 7*M) and G is the n-
dimensional translation group Tr(n). (As a manifold this group is simply
R™.) The open cover {U,|o € A} of T*M is constructed from an open cover
{Ws|o € A} of M by coordinate neighbourhoods, setting U, = T*W,.
The local action of G = Tr(n) is defined by (z*,p;) — (z* + t*,p;) where
xti =1,...,n are local coordinates on W,, (2, p;) the corresponding local
coordinates on T*W, and t',i = 1,...,n is a sufficiently small element of
R™. The local constraint maps for the G action are then T; = p;. The Lie
algebra of the diffeomorphism group of M may be identified with the set
of vector fields on M. If Y is a vector field on M with local coordinate

8‘21», then the global constraint map for 7 is

expression Y = Y
Ty = Yipi . (165)

The two stage process leading to the reduced phase space can be carried
out as before; in the case where N has dimension 2n and the local group
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G has dimension m the reduced phase space will have dimension 2(n —m).
Allowing the larger group G, together with a local rather than global action
by the finite group G, provides an explanation of the observed ambiguities
in both the set of constraints and the algebra they form [71]. As well
as the physicist’s language of constraints, and the geometric language of
symplectic reduction, these ideas can be cast in the language of Poisson Lie
algebras; these linkages are beautifully described by Stasheff in [144].

16.2 BRST cohomology

In this section the BRST procedure for the reduced phase space is de-
scribed. The formulation of BRST cohomology in the canonical setting was
first given by Henneaux [70], and then expressed in a more abstract math-
ematical setting by Kostant and Sternberg [96] and by Stasheff [145, 144].
The idea is to construct a BRST operator () whose zero degree cohomology
theory agrees with the space of smooth functions F/(N/G) on the reduced
phase space, and also to construct a super phase space so that the BRST
operator @) is implemented by Poisson bracket. This section closely follows
[96].

The BRST operator is constructed in two stages. First, a super deriva-
tion

§:A%g) ® F(N) — A (g) @ F(N)
is defined by its action on generators:
(r®l) =1 Ty, (1@ f)=0 (16.6)

where 7 € g and f € F(N). It follows immediately that 62 = 0. Also
Ker?§ = F(N) while Im° 6 = §(g)F(N). Now &(g)F(N) is the ideal of
F(N) consisting of functions which vanish on the constraint surface C, and
the space of smooth functions on C' can be identified with F(N) modulo
this ideal. Thus F(C) = H°(§), and the first part of the construction of the
BRST operator has been achieved. (As observed by McMullan [105], This
is the Koszul complex.)

To complete the construction, suppose that K is a g module, and define
the operator

d: K —-g"®K
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by setting (dk,7w) = 7wk for all 7 in g and k in K. This operator can be
extended to become a super derivation

d: A(g") @ K — AP (g") @ K

by defining dn for n in g* to be the exterior derivative of 1 regarded as a
left invariant one form on G. Using the fact that d on g* is the transpose
of the bracket on g, it can be shown that d> = 0. Also, it follows from
the definition that Ker®d is equal to the set K9 of g invariants in K while
Imd is zero. Thus Hd is equal to K®.

Choosing K = Ag® F(N), with the g action on K defined by

Em A AT @ f)

q
= MA AT A AT AT A AT ® f

r=1
+771A"'/\7T4®{T§af}a (167)

the g action commutes with the action of § on K, so that § and d commute
and d is well defined on the § cohomology groups of K. Thus HY(H(Ag* ®
Ag® F(N))) is well defined and equal to the g invariant elements of F/(C),
and hence to F(N//G). (As observed by Stasheff [145], this is the Chevalley-
Eilenberg differential for the Lie algebra cohomology of G.)

The properties of the two differentials may be summarised in the dia-
gram

AP(g*) ® A9(g) ® F(N) 2 AP(g*) ® A9} (g) ® F(N)
d|

AP (g*) ® A(g) @ F(N)
giving a double complex
D:A(s") @ Alg) ® F(N) — Ag") @ Alg) @ F(N).

with D = d + (—1)Pd. Defining the total degree of an element of AP(g*) ®
A(g) ® F(N) to be p— g, leads to D raising degree by one. Under certain
technical assumptions [96] HD is equal to H(H°(Ag* ® Ag ® F(N))), so
that a complex has been constructed whose zero cohomology is equal to
F(N//G), in other words to the observables on the true phase space of the
system.
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These algebraic constructions can easily be rephrased in terms of anti-
commuting variables and super mathematics once it is observed that
Ag* ® Ag @ F(N) can be identified with the space of H* functions on
the supermanifold N' = S(N, E) where F is the trivial 2m-dimensional
bundle over N. This supermanifold can be given a symplectic structure by
defining the symplectic form to be

w + dm, Adn® (16.8)

where 74, 7% a = 1,...,m are the odd coordinates corresponding to the
fibres of E. This allows D to be realised by taking Poisson bracket with the
BRST function

Q=n"T, — %Cgbn“nbﬂc. (16.9)

As a result the Poisson brackets with respect to this form close on the zero
cohomology of D and correspond to the Poisson brackets on the reduced
phase space. If the G action is local, in the manner described in Section 16.2,
then the super phase space N will be built from a non-trivial bundle over
M; the operator D, while defined locally, is independent of the choice of
local system and well defined globally. The symplectic structure and the
BRST function @ are also well-defined globally.

16.3 BRST quantization

Quantization of this system is straightforward, given a quantization on the
original unconstrained phase space N. The Hilbert space of states has the
structure H ® A(R)™, where H is the space of states for quantization on
N. A typical element is fal__,apnal . ..n“p where each fq,. 4, is in H and
n% a=1,...,m are natural coordinates on R%"™,
Observables on the super phase space will be operators of the form
1

AZﬁ'{,‘,ﬂ’f n* ... nap Thy -+ - b,
where each Azll','_',lffp is an observable on N. The observables n®, which
are known as ghosts, are represented on states as multiplication operators,
while the ghost momenta 7, are represented by
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An obvious but important consequence of this scheme is that the quantized
BRST operator Q has square zero. This makes it possible to implement
the BRST cohomology at the quantum level, both for observables and for
states. Physical observables are defined to be observables in the operator
BRST cohomology: a physical observable A is an observable which com-
mutes with @ modulo an observable which is itself a commutator with O.
Physical states are then defined to be states annihilated by @ modulo those
in the image of Q. A particular example of an observable is the Hamilto-
nian; classically the Hamiltonian is a G invariant function on the phase
space N, and so has zero Poisson brackets with the constraint functions.
The Hamiltonian can then be extended by terms involving ghosts and ghost
momenta to give a Hamiltonian H which satisfies {Q, H} = 0. On quan-
tization the Hamiltonian becomes an operator which commutes with the
quantum BRST operator Q, and hence a quantum BRST observable.

In order to implement BRST quantization by path integral methods
a mechanism known as gauge fixing is required which ensures that the
traces calculated by the path integrals are traces over BRST cohomology
classes, and thus over the physical states of the model. The gauge fixing
mechanism involves adding a term H, to the Hamiltonian which, while
zero in the operator cohomology, performs the analytic function of ensuring
that all necessary operators are trace class so that the cancellations which
formally ought to occur because of supersymmetry actually do occur. This
gauge-fixing term H, in the Hamiltonian is the super commutator [Q, x] =
Qx + xQ of an odd operator x known as the gauge-fixing fermion with the
BRST operator Q [125].

The first step in establishing this mechanism is to observe that if A is an
even observable for the BRST quantum system, so that [4, Q] = 0, then,
as first observed by Schwarz, [138], the supertrace of A over all states is
equal to the supertrace of A over the BRST cohomology classes of states.
If H(Q) denotes the cohomology of Q at ghost number 4, this result may
be expressed by the equation

Str A=) (=1)'trg (g4, (16.11)
i=0

where Str A denotes the supertrace of A. A formal proof comes from notic-
ing that there is cancellation in the supertrace between eigenvalues of A
corresponding to states which are not in the kernel of Q and eigenvalues
of states which are in the image of Q. This follows from the observation
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that if Af = Af then AQf = AQf. Since f and Qf have opposite parity,
the only eigenvalues which survive to contribute to the supertrace are those
corresponding to BRST cohomology classes. (This is a classic example of
the supersymmetry cancellation mechanism.)

This naive argument may of course break down if the reordering of
the infinite sums in the traces is not valid. However, by combining A
with the operator exp (—Hyt), t > 0 with H; = [Q, x| constructed from
an appropriate gauge fixing fermion y it is possible to obtain precisely
the desired traces over cohomology classes, provided of course that these
traces exist. The key property which the gauge-fixing Hamiltonian H, must
possess is that the operator exp (—H, t) is trace class for all positive . With
this condition satisfied the alternating sums in (16.11) are all absolutely
convergent, and the reordering used to establish this equation is valid.

16.4 A topological example

In this section the topological particle model introduced by Baulieu and
Singer [14] is described; its BRST quantization leads to the supersymmet-
ric model constructed by Witten in connection with Morse theory [162].
Various supermanifolds are involved in this construction.

The model is defined by the action

S (2() = /O vdh. (16.12)

Here the field « is a smooth map = : I — M from I (the interval [0,¢] of
the real line) into a compact n-dimensional Riemannian manifold M, while
h is a smooth function h : M — R. In terms of local coordinates x? this
action may be written

S (2() = /O Osh(w(t')) () dt (16.13)
Clearly this action can be expressed more simply as
S (z(.)) = h(z(t)) — h(z(0)) . (16.14)

This form of the action shows that the model is indeed topological in nature,
a related point being that the equation of motion for z is trivially satisfied.
However the form of the action (16.13) involving positions and velocities
is required for the passage from the Lagrangian to the Hamiltonian form.
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While Beaulieu and Singer considered the case h = 0, the Witten model
is obtained by allowing h to be an arbitrary function [126]; an interesting
case is when h is a Morse function on M, that is, a function with isolated
critical points.

It is evident that the action (16.13) is highly symmetric, depending only
on the endpoints of the path. It might thus be naively supposed that the
path integral

/ Dx(.)exp (S(z(.))) (16.15)
paths/symmetries
would be trivial. This is not in fact the case because the ‘measure’ Dz is
not simply some limit of a product measure, but must be derived by careful
canonical quantization of the theory, which is carried out below.

The first step in this process is to investigate the classical Hamiltonian

dynamics. From the action (16.13) the Lagrangian of the theory is seen to
be

L(x, %) = d;h(x) 3", (16.16)
so that the Euclidean time Legendre transformation to the phase space
T*M (the cotangent bundle of M) gives as momentum conjugate to z°

_0L(w,E) ,
pi =i = i0;h(x). (16.17)

The symmetries of the system now manifest themselves as n constraints on
the phase space T M:

= —p; +i0ih(x)(x) =0, i=1,...,n. (16.18)

The Poisson brackets on the phase space T M are obtained from the stan-
dard symplectic form w = dp; A da?, so that as usual {z‘,p;} = 7. Direct
calculation shows that

{T;, T;} =0, (16.19)

so that the constraints locally correspond to a trivial, Abelian Lie algebra,
or in physicist’s language form an abelian first class system. The Hamilto-
nian of the system is, by the Euclidean time prescription,

H =ipii' + L(x,3) =0, (16.20)

so that the Hamiltonian is also first class, that is {H,T;} =0,i =1,...,n.
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As is standard in a topological theory, the constraints are of a number
that seems to preclude any interesting dynamics — in this case the system
has a 2n-dimensional phase space with n first class constraints, so that by
naive counting one would expect the corresponding reduced phase space to
be trivial. In fact the theory does capture some topological information as
will emerge below.

The first indication of this comes from considering classical gauge-
fixing, which shows that the reduced phase space, while as expected zero-
dimensional, corresponds to the critical points of h. Classically, gauge-fixing
conditions are sought which pick out one point in each orbit of this group; in
this case a natural choice is the set of n conditions X’ = g% (—p;—id;h) = 0.
(It is only at the quantum level that a fully rigorous argument for the gauge-
fixing procedures will be required.) Taken together, the constraints and the
gauge-fixing condition are satisfied when p; = 0 and 9;h(z) = 0, that is, at
the critical points of the manifold. Using the BRST quantization to imple-
ment the constraints and gauge-fixing at the quantum level, it will emerge
that this finite reduced phase space can provide topological information.

Two supermanifolds are required for the BRST procedure, a super con-
figuration space M and a super phase space N. The (n,n)-dimensional
super configuration space M is the supermanifold S(M,TM) built from
the tangent bundle of M; corresponding to a coordinate patch on M it has
even local coordinates denoted z? and odd local coordinates 0%, i = 1,...n.
The (2n, 2n)-dimensional super phase space N is the cotangent bundle of
M, but with a non-standard choice of coordinate; again coordinate patches
correspond to those on M; the even local coordinates are denoted z° and
p; while the odd local coordinates are denoted n® and m;, in each case with
i running from 1 to n. On overlapping coordinate patches x and 7’ trans-
forms as on M while p; and ; transform by the following rule:

dx? ,  Oxf

The simplest, and natural, choice of symplectic form on this manifold,
which makes 7; the conjugate momentum to 7;, is

ws = d (plv Adz® + T N\ Dni)
, 1 , ,
=dp; ANdz' + Dy ADn' — §Rijkl7rmkdxl Adz?, (16.22)

where the Levi-Civita connection corresponding to the Riemannian met-
ric g has been used, with Christoffel symbols Fijl and curvature tensor
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components R;;,”, so that
Dy’ =dn' + Tj'n*da?, Dm; = dn; — T mpda?. (16.23)

The corresponding Poisson brackets are:

{pja ml} = 6;7 {pzapj} = Rijklﬂ-llr]k
{piaﬂj} = Fikjﬁk, {pi,mi} = —Fikjﬂj,
and {m;,n'} = 6. (16.24)

the others being zero. To quantize, wave functions are taken to be functions
¥(x;n) on the super configuration space M. The observables 2% and 7’ are
simply represented by multiplication by these variables, while the momenta
p; and m; are represented as

. (0 - 0 .0
pi = —iD; = —i (axi + nJFijka—nk> and ;= —za—ni. (16.25)
Using the method of Section 16.2, the BRST operator Q is

Q=n'T, = in (% + &h(x)) . (16.26)

(The symmetry of the Christoffel symmetry removes its contribution to the
operator, as in the exterior derivative of forms.) The classical gauge-fixing
functions X’ then suggest the form of the gauge-fixing fermion y to be

x = mix' = igUn;(D; — 0;h). (16.27)

States of the system, in other words H® functions on M, can of course
naturally be identified with forms on M via the identification

@i, ..i, (x)r]il Lo e @i, ..i, (x)da:i1 . datr . (16.28)

(This identification is considered further in Section 17.1.) Under this iden-
tification

Q= —in' (88x - Ui> =i(d+7'0;h(z)) = ie"de™™ and

X = —ig"m; <% +1T; k% + &»h(x)) =06 —ig"0;h(x)m; = e"se "
(16.29)

where d is exterior differentiation and ¢ is the adjoint operator to d, that is
0 = *d* where * is the Hodge star operator. This shows that Q and x are the
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supersymmetry operators used by Witten in his study of supersymmetry
and Morse theory [162]. (The identification of states with forms also leads
to a natural inner product on states.)

These expressions for Q and y simplify the calculation of the explicit

expression for the canonical BRST Hamiltonian H, = —% (9, x], leading to

1 1 ..0h Oh @ 5, . . D%h
Hy=-(d+0)?+ ¢ ——+ —¢*Wr; —mjp)) ——— 16.30
g 2( +0)"+ 29" Bui 9 + 29 (' = )kaDxJ ( )

which is (up to a factor 1) the Hamiltonian used by Witten [162]. Witten
also shows that the mapping ¢ — e " induces an isomorphism of de
Rham cohomology classes of d and Q = e~"de”, and that forms with zero
H eigenvalue give exactly one representative of each @ cohomology class.
Since additionally H has the same eigenvalues as the Laplacian 3 (d + )2,
the gauge-fixing fermion x is a good one [125].

The topological exploitation of this model involves calculation of the
heat kernel (in physical parlance, matrix elements) of this operator. These
can be carried out rigorously using the super stochastic methods developed
in Chapter 15, as will be briefly described in Section 17.4 [126].

This one model described here gives some indication as to how super
mathematics, and in particular supermanifolds, may be used in BRST quan-
tization. Further material on this rich area includes the BV quantization
scheme [9, 10, 52] which uses odd symplectic structures [94, 155, 90].

Recent work by the author [128] develops what can be described as an
equivariant BRST theory for systems whose constraints algebras are open
in a very specific way. One example of this procedure leads to a model first
given by Witten which gives a new approach to equivariant cohomology and
fixed point theorems, and to localisation. This model is discussed briefly in
Section 17.4.
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Chapter 17

Supermanifolds and geometry

Ideas and techniques from super mathematics have been used in a number
of ways in the study of classical differential geometry and topology. Some
of these methods were developed long before the label ‘super’ was used for
aspects of mathematics possessing Z5 graded commutativity in some sense.
As remarked in the introduction, Grassmann algebras and exterior algebras
have a long history; the true beginning of super mathematics can be seen
as Cartan’s representation of a Clifford algebra on a Grassmann algebra
using operators (in the notation of more recent super mathematics) of the
form 0% + %. One of the reasons for the effectiveness of supermanifolds in
classical geometry (as well as in fermionic and supersymmetric physics) is
this possibility of representing operators on Clifford modules as differential
operators on supermanifolds. This allows analytic techniques developed for
supersymmetric quantum systems to be applied to many geometric situa-
tions. In the case of supersymmetric quantum mechanics, these techniques
can be made mathematically rigorous in a direct way. In quantum field
theory models the mathematics may be more heuristic, but the geometric
insights provided have been considerable. A key idea is what is now referred
to as a supertrace, but seems first to have been used by McKean and Singer
[104], who gave a formula which expresses the archetypal supersymmetric
cancellation mechanism, and leads to a local version of the Atiyah-Singer
index theorem.

Many aspects of the use of super mathematics in classical geometry,
particularly relating to equivariant localisation, are already well covered in
the literature, for instance in the the books of Berline, Getzler and Vergne
[23] and Guillemin and Sternberg [68]. A construction of particular impor-
tance is the superconnection of Quillen [112]. This is extensively described
and applied in [23], and also forms a substantial section in the book of
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Tuynman [149], so that it would be superfluous to include an account of
this work here.

This chapter considers some aspects of classical geometry where it is
specifically supermanifolds which are involved. In the Section 17.1 the
natural isomorphism which relates the space of differential forms on a man-
ifold M to the space of G*° functions on the supermanifold S(M,T*M)
constructed from the cotangent bundle of M is developed. Given a choice
of metric on M, this allows the Hodge de Rham operator d 4+ ¢ and the
Laplace Beltrami operator (d + 5)2 to be expressed as differential operators
on S(M,T*M). Geometric Brownian paths are constructed which allow the
analysis of these operators which is described in later sections. Section 17.2
describes the relationship between anticommuting variables, Clifford alge-
bras and spinors and explains how spinors may be realised as functions
defined locally on S(M,T*M). Section 17.3 uses the path integral methods
of Chapter 15 to study index theory on a manifold M while Section 17.4
includes a brief description of their application to other aspects of geometry.

17.1 Supermanifolds and differential forms

The supermanifold S(M,T*M) obtained from the cotangent bundle of a
manifold M by the construction of Section 8.1 plays an important role in
many applications of supermanifold theory to classical geometry. Explicitly,
if M has dimension m, then S(M,T*M) has dimension (m,m), and local
coordinates (zl,...,2™; €L ... €™) which change according to the rule

xﬁ(xa’ga):@a( ) i=1,....m
m 5.
h(waita) = Z—ﬁ j=1,...,m. (17.1)
=1

Supersmooth functions on this supermanifold are then naturally identified
with forms on M in local coordinates this identification may be expressed
as

Y7 @)t = Y fulw)dat, (17.2)
pneM,, HWE My,

so that Berezin integration on the supermanifold corresponds to the stan-
dard integration of top forms on the manifold and the exterior derivative
takes the form d = &2

Oxt*
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In Section 17.3 the index theorem for the Hirzebruch signature complex
is proved. This involves the Hodge de Rham operator d4¢ whose expression
in local coordinates (using the supermanifold formalism) is

)
d+5=¢1<8mi— y 5Jagk> (17.3)

where T';;* are the Christoffel symbols for the Levi-Civita connection of
g and ' = ' + g -, The proof of the theorem will use the Laplace
Beltrami operator which is the square of the Hodge de Rham operator, and
has the expression (by the Weitzenbock formula)

0 0

—2(d+5)2=B—R3($)§ii—% Ry’ (z)€’ €k 97 DEF

36 (17.4)

where Ry;7! are the components of the curvature of g and B is the Bochner
Laplacian

B = g" (D;D; — T';"Dy) (17.5)

with D; = 5% — Fijkfj%. (A proof of this result may be found in [38].)
For geometric applications of superspace path integration, the signif-
icant supermanifold is S(O(M),TM), the underlying manifold being the
orthonormal frame bundle O(M) of a Riemannian manifold (M, g), with
TM induced as a bundle over O(M) by the projection of O(M) onto M.
There is a natural definition of Brownian motion on this supermanifold,
based on the Brownian motion on manifolds defined by Elworthy [47, 48]
and by Ikeda and Watanabe [81]. These authors introduced the stochastic
differential equations (17.7) and showed how solutions give a Feynman-Kac-
1t6 formula for the Bochner Laplacian. Extended to supermanifolds, these
Brownian paths will lead to a Feynman-Kac-It6 formula for the Laplace-
Beltrami operator on forms on M. For the commuting, even components of
the paths, following [47, 48, 81] paths are considered in the bundle of or-
thonormal frames O(M) of the Riemannian manifold (M, g) starting from
a point (x%,e’) in O(M). Here local coordinates (z' : i = 1,...,m) on a
contractible coordinate neighbourhood U are used; also {e, :a =1,...,m}
is an orthonormal basis of the space D(U) of vector fields on U and the
vierbein components which provide coordinates on O(M)|;; are defined by

0

@ Pxt

6_6

(17.6)
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The paths z}, €/, ; are required to satisfy the stochastic differential equations

t t
rl =g —|—/ el 5 o db? ehy=el,— / 6§7S€é7srkli(xs) o db}
0 0
(17.7)

where o denotes the Stratonovich product introduced following (15.27).
This is an example of the a stochastic differential equation of the form
(15.27) with

V, = eg + el;s eé}s I‘kli(xs) (17.8)

oxt del’

the canonical horizontal vector fields on O(M). A patching construction
allows a global solution to be constructed in the standard way. (Note that

almost surely g"/(z;) = Yoo, €. ,el,.) The importance of these stochastic

differential equations stems from the fact that —%VaVa is closely related to
the scalar Laplacian and, with a fermionic addition defined in (17.14), gives
a differential operator whose square is the Bochner Laplacian. The odd,
anticommuting components of the paths &, m;;,i = 1,...,m are defined in
terms of the flat fermionic paths 6,, p; defined in Section 15.2 as

G=8+) elb,  mi=Y> ehgii@)p} (17.9)

a=1 j=1a=1
These paths will be used in Section 17.3 to study the heat ker-
nel of the Laplace Beltrami operator. The combined super paths

(xi el ;€ m;y) transform covariantly under split coordinate transforma-
tions on S(O(M),TM).

17.2 Supermanifolds and spinors

The starting point for much of the connection between supermanifolds and
classical geometry is the Clifford algebra relation

[, ] = 6 (17.10)

where % = 0% + aga' This expression lies behind the expression (17.3) for
the Hodge de Rham operator d+4; it also allows the Dirac operator B to be
expressed as differential operator on a supermanifold, using anticommuting
variables to obtain spinor representations as will now be described.
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Suppose that n = 2] is an even positive integer, and let F' denote the
space H Oo(]Rg’") ® C. An element of F can then be expressed as the set of
polynomials in n anticommuting variables £, ...;£™ of the form

> fugt

HEMy,

where each f, is a complex number. Regarded as a complex vector space
F has dimension 2". The operators ¥)*,a = 1,...,n then define a represen-
tation of the Clifford algebra C,, on F. To define the 2'-dimensional spinor
representation of C, a subspace of F' is required.

Forr=1,...,1 =n/2 define p = =1 _ §€2" and P =1- gg2r—le?r,
Let G be the subspace of F' consisting of elements of the form

> gupipt

veM,;
where the g, are complex numbers and v¢ denotes the (ordered) comple-
ment of v in 1...l. Then G is closed under the action of the Clifford
algebra generators ¢*,i = 1,...,n and an explicit construction of the 2!-
dimensional spinor representation S of C;, has been obtained. This spinor
representation, which is constructed from n real anticommuting variables,
is useful in constructing geometric representations of the Dirac operator
from supermanifolds. The standard representation, which uses I complex
anticommuting variables, is less well adapted to this task.

Suppose that (M,g) is a Riemannian manifold of dimension n = 2]
which is spin, and that O* (M) denotes the bundle of oriented orthonormal
coframes on M, spin(M) denotes the spin bundle corresponding to a choice
of spin structure on M and S the associated spinor bundle corresponding
to the representation S on G. Then the representation S constructed above
may be used to represent the Dirac operator for M as a differential operator
on the supermanifold SM = S(M, O*(M)).

Let {Uq|lae € A} be a cover of M by trivialisation neighbourhoods of
the bundles O*(M) and spin(M). Then, if ¥ : S — M is the projection
mapping of the associated spinor bundle, there is a diffeomorphism A :
7 Y (Uy) — U, x G such that bt = 7 where h' is the first component of h.
Suppose that s : M — S is a cross-section of S; then for each a € A there
is a local representative s, : U, — G defined by

hos(x) = (z,s4(x)). (17.11)

If, for each o, € A such that U,NUpg is nonempty, g3 : UoNUg — Spin(n)
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is the transition function of spin(M), then on U, NUp

s8(z) = gapsa(x). (17.12)

To realise this cross section by local functions on the supermanifold
SM = S(M,0*(M)), standard split local coordinates are used with
(xi;n2),i,a = 1,...,n with 2% corresponding to local coordinates on M
and n? corresponding to an ordered orthonormal basis (e® : a = 1,...,m)
of Q(Uy). It is then possible to identify so =, gupgﬁgc with the local
function on SM defined by fo(@a;na) =D s, 90 ()P0, ﬁg; Defining the
Clifford algebra to act on local functions fo by vy , the change of local
function from patch to patch corresponds to the transition functions of the
spin bundle, and the Dirac operator is then realised as

- d
B=) 4 <62”8$—m + Tapetll, ;a) (17.13)
a=1

on these local functions, where the vierbein e}’ gives the expansion e, =
em afm of the orthonormal basis e, of D(U,) dual to the basis e* of Q(U,)
and I are the connection coefficients of the Levi-Civita connection in
this basis. (These are sometimes referred to as the ‘spin connection’ in
the physics literature.) These local operators can be consistently patched
together to give the standard globally-defined Dirac operator on the cross

section s.

17.3 Supersymmetric quantum mechanics and the Atiyah
Singer Index theorem

Two new proofs of the local Atiyah-Singer index theorem for a variety of
complexes were given by Alvarez-Gaumé [1] and by Friedan and Windey
[58] using supersymmetric quantum mechanics. These proofs did not have
full mathematical rigour, relying to some extent on somewhat heuristic
physicists’ methods, but they were extremely direct. In this section it
will be explained how the theory of path integration on supermanifolds
developed in Chapter 15 can make these proofs rigorous in a direct way.
Other proofs of index theorems involving super mathematics have been
given, for instance as described in the book of Berline, Getzler and Vergne
[23]. The aim here is to present a method which remains close to the
physical insight of Alvarez-Gaumé and of Friedan and Windey.
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In order to establish a Feynman-Kac-It6 formula for the Laplace-
Beltrami operator (d + 6)2 on M, vector fields W,, a = 1,...,m are used
which correspond to horizontal vector fields on S(O(M), T M) regarded as a
bundle over M with connection I' the Levi-Civita connection for the metric
g. In a local coordinate system (2%, el %) on S(O(M), T M) these vector
fields take the form

T ()

Wy, =ce 8§l

‘;8 - —e TefT 1" (x) (17.14)

7
dej

The key property of the vector fields W, is that, when acting on functions
on S(O(M), T M) which are independent of the e, (that is, on functions of
the form f = g on where 7 is the canonical projection from S(O(M), T M)
onto M) they are related to the Laplace-Beltrami operator L = (d + 6)® by

0 1Rmﬂ($)§ g —— 0 0 ) (17.15)

—_1 _RJ i Z
L - 2 (WaWa RJ( )é‘ 8§j 2 8§j agl

as may be seen from the Weitzenbock formula (17.4) together with the fact
that the Bochner Laplacian B satisfies

B = ——W W, . (17.16)
This leads to the following Feynman-Kac-1t6 formula:

Theorem 17.3.1 Let (zi,el,,&) be the paths defined by (17.7) and
(17.9) and suppose that h € G®°S(M,TM). Then

exp(—Lt)h(x; )
=Es|e —lo Rl(ws)g Tty i ElEl W“W“dsh(xﬁft) (17.17)

where L = (d + 5)2 1s the Laplace-Beltrami operator acting on supersmooth
functions on S(M,TM).

Outline of proof Using the It6 formula Theorem 15.4.2 and equation
(17.15),

Es [h(w; &) — h(w; €)]
t L8 9 9
=55 | [ 4 (W - R 3 - R et o ) i) as

=Es [/Ot —Lh(xs,gs)ds} . (17.18)
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Hence, if f(z;&,t) = Es[h(z, &)],

t
f(@:€,8) — f(2:€,0) = /0 —Lf(x;¢,8)ds (17.19)
and the result follows. [ |

This theorem allows a proof of the local Atiyah-Singer index theorem for
the Hirzebruch signature complex. (It was shown by Atiyah, Bott and
Patodi [3] using K-theoretic arguments that the full Atiyah-Singer index
theorem can be deduced from the result for the twisted Hirzebruch signature
complex. The method proof given here can be extended to this case as
in [124].) The starting point is the formula of McKean and Singer [104]
which expresses the Hirzebruch signature of a compact Riemann manifold
(M, g) as the supertrace of heat kernel of the Laplacian L = (d + 6)° in the
following way:

Index (d + &) = Str (exp(—Lt)) . (17.20)

In the course of proving this theorem it emerges that the right hand side is
independent of t. The significance of this formula in the context of super-
symmetry was first appreciated by Witten [161]. Using the identification
of the space of differential forms on M with the space F of supersmooth
functions on S(M, T (M)), the supertrace is defined in terms of the involu-
tion 7 on the space of supersmooth functions whose action on F' € F with

F(z;8) = > enr,, Fu(@)€" is given by

7 (F) (;€)
= > (/dmp(det(gij(x)))%exp (ip'€ gij(x)) Fu(x)p“) . (17.21)

HEMpm,

This involution is essentially the Hodge dual. The supertrace Str of an
operator K on the space of supersmooth functions on S(M,T(M)) is then
defined (when it exists) by the formula

Str K = Tr (7K). (17.22)

The Atiyah-Singer index theorem for the Hirzebruch signature complex can
now be stated.
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Theorem 17.3.2

Index(d + 6) = /M {det <%) ;} (17.23)

where Q is the curvature 2-form of the Levi-Civita connection on (M,g),
and the brackets {}, indicate projection onto the m-form component of the
integrand.

Using the McKean and and Singer formula (17.20) shows that that an
equivalent statement of the theorem is
} (17.24)

Str(exp (—Lt)) = /M {det <%>

where the determinant is taken in so(m, R), the Lie algebra where Q) takes
values. This theorem certainly holds if the following stronger, local theorem
holds.

[V

Theorem 17.3.3 At each point x in M

}in(l) str(exp (—Lt))(z, z) dvol

- {det (%) é} ‘ (17.25)

where str denotes the (2™ x 2™) matriz supertrace relating to the space of
coefficients in the expansion of functions of m anticommuting variables.

The effect of the matrix supertrace is that str(exp (—Lt))(x,y) is the kernel
of an operator on smooth functions on M.

The proof of this theorem makes use of the Feynman-Kac-It6 formula
of Theorem 17.3.1 to analysed exp(—Lt), and then (following Getzler [60]),
employs Duhamel’s formula to extract information about the heat kernel
and show that in the limit as ¢ tends to zero only the required term survives.

Proof Using (11.21) it can be seen that if K is a differential operator on
the space of supersmooth functions on S(M,T'M) then (with tr denoting
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the matrix trace)

strK (z,y)
=tr (7K (z,y))

- / A7 pd™€ K (2, y, p, —€) (det(gij (1)) " exp (ip'E g ()
(17.26)

Now the theorem is local, and it is shown by Cycon, Froese, Kirsch
and Simon in [38] that at any particular point x of M the manifold can
be replaced by R and the n-dimensional vector bundle by R™ x C", and
a metric and connection chosen, so that in the limit as ¢ tends to zero
calculation using the Hamiltonian on R™ gives the same matrix supertrace
as that on M. This is done by first choosing a neighbourhood W of x which
has compact closure and is a coordinate neighbourhood for M. Now let U
be a neighbourhood of = with U € W and let ¢ : W — R™ be a system of
normal coordinates on W about « which satisfy det(g;;) = 1 throughout W.
(The existence of such coordinates are established in [38].) (For simplicity
points in W are identified by their coordinates; in particular = becomes 0.)
The standard Taylor expansion in normal coordinates about 0 gives [3]

1
9ii(y) = 0ij — gykylﬁ’m‘kl 0)+...

Tij*(y) = %yl (Ri;i*(0) + Ruij* (0)) + ... . (17.27)

Now let Lo be the flat Laplacian 8?61. % on R™ and let K;(y,y’;&;¢") and

K2(y,y'; €, €") be the heat kernels of L and L respectively. From Duhamel’s
formula (as quoted by Getzler in [60]) it can be seen that

Ki(y,y':6,€) — K (y.y/:€.€)
t

= [ s L - LR/ €) (17.28)
0

where the differential operators L and Lg act with respect to the unprimed
arguments. Now

Ky, y;6,¢)

= /dmp (27s) % exp <—% —ip(& — 5’)) : (17.29)
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From this it may be deduced by direct calculation that strK?(0,0) = 0 and,
using (11.20),

strk,(0,0) =

[areane espig ¢ x [ as[ (e - LoR20.0:6.8)]
0
(17.30)

The Feynman-Kac-1t6 formula Theorem 17.3.1 can then be used to evaluate
this expression. Rather than proceeding directly, a simplified Laplacian L
is now constructed on R with heat kernel K} which has the property

. 3 1 T
%g% strK; (0,0) = }g% strK¢(0,0)

so that the required supertrace can be calculated.

The simplified Laplacian is built from the approximate metric and con-
nections of (17.27), working to first order in y, and with Euclidean metric.
Writing Rijkll for Rijkll(()) it is

10 0 0 o0 1

= —|= —1ip kl j Y v keji Y
L=~ |5gm 90 ~ 185 ¢ sapm T 385 agk

o 0
_l¢gg _
5 ( +R ) agi &Uk

Y . X o 0
- %ﬁk ¢t (Rijiw™ + Ry o) (Rl vl 4+ Ryd J) oE 8{4 .
(17.31)

The Brownian paths which lead to a Feynman-Kac-It6 formula as in The-
orem 17.3.1 are

=bi, and ¢'i=¢ 405 . (17.32)

Using these paths in the Feynman-Kac-1t6 formula, it can then be shown
(the details are in [124]) that

lim K(0,0) = lim K}(0,0). (17.33)

By evaluating the supertrace of exp(—L1t) (using flat space path integra-
tion techniques for both fermionic and bosonic paths)the local form of the
Atiyah-Singer index theorem 17.3.3 will be established.
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Using Duhamel’s formula and, again following Getzler [60], making the
change of variable ¢ = v/27t £ gives

K;(0,0)
:Esl/d%dmg(m)% /t ds(2ms) ™%
0

X {exp(—Ll(t —5)) (L1 — Lo)as/(0, \/%,5’) X exp (‘i mg/) }]

where
22
Gs(2;6,8) = exp — (2_3 +i€ - 6’) : (17.35)

Hence, using the fact that (for small t) x; ~ /t while the fermionic
paths are of order 1 [124] it can be shown that

¢
/dm¢dm§(27rt)% /0 ds(2ms)™ %

< { (Ls — Lo) G (0,01 S,f;t)}l (17.36)

where Lo = Lo, + L2§ with

J
b= (A2 2 L 2,

2 Ozt Ozt v ont I Pk

LGP
+8 (2 t) Rz’zkk’Rj’jl

1 J
and Lo = -1 U,ﬂ ¢ 1/) k. (17.37)

Now exp (—L2,t(0,0)) can be evaluated using the standard R? result [141]
that if

o 0 iB 0 0 1
(CEl 8332 CE2@) + §B2 ((x1)2 + ((E2)2)
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then
exp (—L#(0,0)) = ——2 (17.38)
X _ .
P 4msinh(1Bt)’
: i l 1 4i4j l 0
Skew-diagonalising ' = 5¢'¢’ R;jx" by 2 by 2 blocks O 0 k=
—$
1,..., %m down the leading diagonal shows that
m/2 .
Q 1
exp (~Laat(0,0) = [] o2~ (17.39)

s 2wt sinh (i€ /2m)

Also, using flat fermionic paths or direct calculation shows that

exp (- Laet(€:€) = | dmp{ exp (—ip(e — €)

X H (cosh (Z;)—Wk) + (5%71 + ip%*l)(fgk + ipgk)sinh (%)) } .
(17.40)

This leads to

strexp (—L2t(0,0))

m/2 .
1y, 1 i
dam —————cosh | — 17.41
/ ¢H (27Tt51nh my ©° (27r )) (17-41)
so that

strexp (—Lt(0,0)) dvol = {det (%) 5} (17.42)

as required. [

17.4 Further applications of supermanifolds

In this section the the geometrical implications of the BRST quantization
of two highly symmetric quantum mechanical theories will be discussed.
The first of these models is the topological particle model considered in
Section 16.4. The BRST Hamiltonian (16.30) for this model, which is built
from a Morse function h on a manifold M, was first constructed by Witten
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[162], who showed that the matrix elements of this model between critical
points of the function h could be used to model the cohomology of M.

Calculation of these matrix elements can be done rigorously using
stochastic calculus on the supermanifold S(M,TM) [126]. The idea is to
use paths y! in M which satisfy the stochastic version of the equation for
the steepest descent curves of h. This equation is

dyi = dzi — ¢ 9;h(x,)dt

where 2° are the Brownian paths on the Riemann manifold M defined in
(17.7), leading to the Feynman-Kac-It6 formula

exp —tH,(,7) = / dpexp(—(h(ye) — h(x)))

t D2h ) ) .
exo ([ ( Gope o™ ims — 407 (0)

xt DaxJ
+ Rl (ys)éimj s + %Rff(ys)fifﬁﬂksms) d5)¢(yt,€t) , (17.44)

where &, m are the anticommuting Brownian paths of (17.9). The idea
of Witten’s construction is to scale h by a large factor v and model the
de Rham cohomology of M using differential forms (in supermanifold lan-
guage, functions ¥(X) on S(M,TM)) which are eigenfunctions of H, with
very low eigenvalues. The rescaling of A means that such functions are
concentrated at critical points of h. The Feynman-Kac-It6 formula allows
estimation of the heat kernel exp (—Hyt) (A, X') when e(A) is a critical point
a of h and €(X) is near a critical point of A with index one higher than that
of a. Denoting the low eigenvalue function concentrated near the critical
point a of h by W¥,, the heat kernel estimate shows that

d\:[/a _ Z(_1)0(Fab)e*(h(b)7h(a))\Ijb (1745)
Fab

where each 'y is a steepest descent curve joining the critical point a with
index p to a critical point b with index p + 1 and the sum is overall such
curves. The sign factor (—1)7(«) is determined by the orientation of the
coordinates at b relative to the curve I'yp. This calculation, which deter-
mines the de Rham cohomology of M, is carried out in Witten’s paper
by instanton methods, and has also been carried out using more classical
analytic methods [24, 38].
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A second model considered by Witten in [162] leads to a Hamiltonian
which relates to the Cartan model of the equivariant cohomology of a Rie-
mannian manifold M under an isometric circle action. This model is derived
in [128] from a model whose action is

S(z(.)) :/0 v riw (17.46)

where v is a constant, x is a path in M and w is the one from dual to the
Killing vector X which generates the circle action. The BRST procedure
is more complicated here because the symmetry of the action is reducible.

Many further topological quantum models have been constructed, in
which the model is not simply quantum mechanical but involves fields on a
space time of dimension two or higher. Functional integral calculations have
led to an array of very powerful mathematical results; these methods are
not rigorous, but their power suggests that it should be possible to develop
a rigorous formulation of the functional integrals concerned. Given that
BRST symmetry is used in quantization of these models, one might expect
such methods to involve anticommuting variables. A review of many of
these ideas may be found in [85]. Some interesting developments in rigorous
functional integral methods for two dimensional (and higher) theories have
been made by Léandre, including work involving anticommuting variables
[97].

A further area of active current research where supermanifolds prove
useful is deformation quantization. Examples of this may be found for ex-
ample in Kontsevich’s work on deformation quantization of Poisson mani-
folds [93].
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Appendix A

Notation

Body of Grassmann algebra element x

Body of supermanifold M

Even part of V

Derivative with respect to even variable

Derivative with respect to odd variable

Grassmann algebra

Grassmann analytic continuation of
function f

Odd part of V'

Point in R’Sn’"

Set of multi-indices

Super vector space

Super algebra

Super derivations of A

Super Lie algebra

Super Lie module

Super matrix

Supermanifold (concrete)

Superspace

Supermanifold (algebro-geometric)

Supermanifold built from manifold M
and vector bundle F

Supersmooth function

237

V=VoV;
A
Der(A)
g
u
Moo Mo 1>
M= (Moo Mo,
<M170 M
M
RE™
(M, A)
S(M, E)
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